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Abstract

For Gaussian graphical models with cycles, loopy belief propagation often performs reason-
ably well, but its convergence is not guaranteed and the computation of variances is generally
incorrect. In this paper, we identify a set of special vertices called a feedback vertex set whose
removal results in a cycle-free graph. We propose a feedback message passing algorithm in
which non-feedback nodes send out one set of messages while the feedback nodes use a dif-
ferent message update scheme. Exact inference results can be obtained in O(k?n), where
k is the number of feedback nodes and n is the total number of nodes. For graphs with
large feedback vertex sets, we describe a tractable approximate feedback message passing
algorithm. Experimental results show that this procedure converges more often, faster, and
provides better results than loopy belief propagation.
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Chapter 1

Introduction

In graphical models each node represents a random variable and the edge structure specifies
the conditional independence or Markov properties of the underlying distribution [24]. In
Gaussian graphical models, the distributions are Gaussian distributions, which have desirable
analytical convenience. Such models are widely used in many fields such as computer vision
[30,36], gene regulatory networks [3,43,44], medical diagnostics [5,17], oceanography [13,45],
and communication systems [11,21].

Although inference in Gaussian graphical models can be solved by direct matrix inversion
for problems of moderate sizes, it is intractable for very large problems involving millions of
random variables [15,45,46]. Efficient algorithms for solving such inference problems are of

great importance.

1.1 Motivations for the Feedback Message Passing Al-
gorithm

Belief propagation (BP) is an efficient message passing algorithm that gives exact inference
results in linear time for tree-structured graphs. The Kalman filtering algorithm in linear
estimation and forward-backward method in hidden Markov chain, can be viewed as spe-

cial cases of belief propagation. However, tree-structured models possess limited modeling
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capabilities, and many real world processes cannot be well-modeled using graphs without
cycles.

For inference in loopy graphs, loopy belief propagation (LBP) can be used as a direct
extension of BP by following the same local message passing rules. It turns out that LBP
performs reasonably well for certain loopy graphs [8,32]. The famous Turbo coding method
is also shown to be a successful example of LBP [31].

However, the convergence and correctness of LBP are not guaranteed in general, and
many studies have been conducted on the performance of LBP [20,29,38,42]|. For Gaussian
graphical models, if LBP converges, the means converge to the correct values while the
variances are generally incorrect [42]. In [29] a walk-sum analysis framework is proposed
to analyze the performance of LBP in Gaussian graphical models. Based on the walk-sum
analysis some algorithms are proposed to obtain better inference results [6,22,37].

A desirable property of LBP is that it is completely distributed. Any message update
only involves local information and local messages so that each node can do the computations
simultaneously. However, LBP has its limitations: global information of the cyclic structure
of the graph is not captured and thus errors and convergence problems may occur. One can
ask some natural questions: can we use some more memory to keep track of the messages or
use some header information to denote the sources of the messages? Are there some nodes
that are more important in terms of inference? Can we design an algorithm accordingly
without losing too much decentralization?

We consider a particular set of “important” nodes called feedback vertez set (FVS). A
feedback vertex set is a subset of vertices that breaks all the cycles in the graph. The high
level idea of our algorithm is to give priority to the “important” nodes, which use a different
message passing scheme than other nodes. Based on this viewpoint, we propose an algorithm
for Gaussian graphical models. The algorithm includes several message passing steps. The
whole procedure takes linear time to obtain the exact means and variances for all nodes if
the number of feedback nodes is bounded by a constant. More generally, the complexity is

O(k?n), where k is the number of the feedback nodes and n is the total number of nodes. For
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graphs with large feedback vertex sets, the exact feedback message passing can be intractable.
For such situations we develop an approximate feedback message passing algorithm to obtain

approximate results, where we can trade off between efficiency and accuracy explicitly.

1.2 Thesis Overview

The remainder of the thesis is organized as follows.

Chapter 2. Background

We first introduce some basic concepts in graph theory, graphical models and Gaussian
graphical models. Then we describe belief propagation and its immediate extension to loopy
belief propagation. A walk-sum analysis interpretation of inference problems and algorithms
is then discussed. Finally we introduce the key concept of feedback vertex set and some

relevant results and algorithms.

Chapter 3. Exact Feedback Message Passing

We show that for a class of graphs with small feedback vertex set, inference problems can
be solved efficiently by the feedback message passing algorithm. We start with the single
feedback node case, and illustrate the algorithm by concrete examples. Then we describe
the general algorithm with multiple feedback nodes, which is a direct extension of the single

feedback node case. We also prove the convergence and correctness of the algorithm.

Chapter 4. Approximate Feedback Message Passing

Though the exact feedback message passing algorithm always gives correct inference results,
it can be intractable when the size of the FVS is large. In this case, we can make some
approximations to obtain tractable algorithms. One natural way to make an approximation
is to use a set of feedback nodes of bounded size. Then we perform inference among the

non-feedback nodes approximately (using loopy belief propagation) while solving the small
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inference problem on the set of feedback nodes exactly. In this chapter we describe this

approximate algorithm and give relevant theoretical results.

Chapter 5. Numerical Results

We give numerical results of the performance of our algorithms. The experiments are per-
formed on grid graphs, in which inference problems are difficult to solve. We design a series
of experiments to analyze the convergence and accuracy of the approximate feedback mes-
sage passing algorithm. We also compare the performance of the algorithm with different

choices of pseudo-FVS.

Chapter 6. Conclusions

We summarize our results and propose future research problems.
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Chapter 2

Background

2.1 Graphical Models

A probability distribution of multiple random variables can be a complicated multivariate
function in general. However, there is often structural information that can be exploited.
As an extreme example, if the random variables are mutually independent, the density
function can be factorized into a product of univariate functions. A rich class of distributions
have conditional independence properties, which convey structural information implicitly. A
graphical model is a convenient and intuitive representation of such structural information,

where conditional independence properties can be read explicitly from the graph structure.

2.1.1 Basics in Graph Theory

Here we introduce some basic notions in graph theory that will be used throughout this
thesis. A comprehensive introduction to graph theory can be found in [10].

A graph G = (V,€) consists of a set of nodes or vertices V and a set of edges £. The
edges are pairs of two distinct nodes in V. These pairs can be ordered or unordered pairs.
A graph is a directed graph if the edges are ordered pairs or an undirected graph if the edges
are unordered pairs. In this thesis, we focus exclusively on undirected graphs. An edge is

represented by (s, t), where s and ¢ are distinct nodes in V. We also say node s and node ¢
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are connected by edge (s,t). A graph is called a complete or fully connected graph if any two
nodes are connected.

The set of neighbors of node ¢ is the set of nodes connected to node ¢, which is denoted
by N (i). The degree of node i is the number of its neighbors, which is denoted by deg(7).
A walk on a graph is a finite or infinite sequence of nodes in which the consecutive nodes
are neighbors in the graph. A path is a finite walk with distinct nodes. A graph is called a
connected graph if there exists a path between any pair of nodes. A cycle or loop is a walk
that starts and ends at the same node but all other nodes are distinct. A forest is a graph
without cycles. If a forest is a connected graph, it is called a tree. In this thesis, we use
tree-structured graph to refer to forests as well.

A subgraph G' = (V',&’) of graph G = (V,€) is a graph satisfying V' C V and &' C €,
where & only involves nodes in V'. A clique in a graph is a fully connected subgraph. A
mazimal clique is a clique that is not contained in any larger clique.

Let A, B and C be three sets of nodes in a graph. Set C separates set A and set B if

any path from a node in A and a node in B contains at least one node in C'.

2.1.2 Graph Representation of Probability Distributions

Graphical models defined on undirected graphs are called undirected graphical models, which
are also known as Markov graphical models or Markov random fields.

Consider a probability distribution p(zq, s, - ,z,) of n random variables. We use an
undirected graph with n nodes to represent the conditional independence structure, where
each node corresponds to a random variable. The edges of the graph are constructed such
that the distribution is Markov with respect to the graph: if set A and set B are sepa-
rated by set C, x4 and xp are independent conditioned on x¢c, namely, p(x4,Xp|xc) =
p(xalxc)p(xalxc). Based on this graph representation, many conditional independence
properties can be read immediately from the graph. For example, in Figure 2-1 node e is
independent of node b and ¢ conditioned on a and d, since set {a,d} separates node e from

set {b, c} in the graph. Roughly speaking, any missing edge from a complete graph can give
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Figure 2-1: A simple Markov graphical model

us some structural information about the distribution.

The graph structure of a graphical model can lead to a factorization of the probability
distribution function. By the Hammersley-Clifford Theorem: If a probability distribution
p(r1, 9, ,x,) > 0,Vx = (21,22, -+ ,%,), then p(x) can be factorized according to the

underlying graph structure by
1
p(x) = 7 I1 volx0), (2.1)

cec
where C is the set of all maximal cliques in the graph, ¥¢(X¢) is a positive function defined
on x¢, and Z = Y, [Toee Yo (Xc) is the normalization factor, which is often called partition
function [24].
For a class of pairwise Markov graphical models, the functions defined on the cliques can
be further factorized into products of bivariate functions, corresponding to nodes or edges

on the graph. For such models, the distribution can be factorized as

Pz ) = 2 TLo) I 6l y) 2.2

ley (4,9)€€

where Z is the normalization factor.

Inference problems are to extract useful information from a given graphical model. In this
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thesis we are most interested in computing the marginal distribution of each node. Namely,

pi(z) = Y. plar,z2,,x,), Vie . (2.3)

x; €V, j#0

See [24] for detailed introduction to graphical models.

2.2 Gaussian Graphical Models

Exponential families of probability distributions have been widely studied [16,18,40]. The

distributions in this family are in the form

p(x;0) = exp{D_ batpa(xa) — ©(0)}, (2.4)

where ¢,(x) are sufficient statistics, 0, are natural parameters, and

() = log [exp(3" fua(x.))dx (2.5)

is the log partition function.

The domain of the natural parameters is the set of parameters that yield a normalizable
distribution or valid distribution, namely © = {0|®(0) < oo}.

Under the graphical model framework, ¢,(x,) can be viewed as a function of a clique.
Therefore, we can construct the graph structure of a graphical model according to the given
sufficient statistics.

It is not hard to show that if we take the derivatives of the log partition function ®(80)

with respect to 8, we can obtain the moments of ¢,(x,):

0P

89,1(0) = E{¢a(xa)} (26)
9®
g6.00, ") = El(9a(xa) = E{a(xa)})(d6(x0) = E{dn(x0) 1)} (2.7)
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where the expectation is taken with respect to p(x; 8). For a valid distribution, the covariance
matrix is positive semidefinite, and thus the log partition function is a convex function of
within the domain.

An important exponential family of distributions is the family of Gaussian distribu-
tions. In Gaussian graphical models, the probability distributions are given by p(x) o
exp{—%xTJx + h”x}, where J is called the information, concentration or precision matriz
and h is called the potential vector.

We can define an underlying graph for the model, which is sparse with respect to J:
V(i,j) ¢ €, Ji; = 0. For a valid Gaussian distribution, J is symmetric and positive definite.
Compared to (2.4) we can relate the parameters of Gaussian distributions to the parameters

of the exponential family by:

0.} - {hi}u{—;]ﬁ}u{—(],j}, Vi eV, Vi, j) € €,
{0a(x0)} = {z}U{a2}U{zz;}, VieV, V(i j) € E.

Conditional independence in Gaussian distributions can be read immediately from the un-

derlying graph structure. We can also directly read the conditional independence from the

sparsity pattern of the information matrix. For instance, if J;; = 0,7 # j, then x; and z;

. i : . Jaa Jap
are independent conditioned on all other variables. In general if J = and
Jpa JBp
h, o o . .
h = , where A and B are sets of indices, the conditional distribution of x4 given
hp

xp = Xp has information matrix J4 g = J44 and potential vector hyp = hy—Jspxp. More-
over, the conditional variance of z; given its neighbors xy;) is Var{z;|xy @} = (Ji;) . The
marginal distribution of x4 has the information matrix J A4 given by J a4 = Ja—JapB ngl; JBaA
and potential vector flA =hy— JABJg}BhB.

The relationship with the mean g = E{x} and the covariance matrix P = E{(x — p)(x —
witispu=J" hand P=J"
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2.3 Belief Propagation

Belief propagation (BP) is a distributed message passing algorithm for solving inference
problems in graphical models, where each message is updated locally [33]. There are several
versions of BP such as sum-product and max-product for different inference problems. In
this thesis we use the sum-product version for obtaining marginal distributions. BP is well
defined on both tree-structured graphs and loopy graphs. The latter is often referred as
loopy belief propagation (LBP). The convergence and correctness of BP are guaranteed for

tree-structured graph. However, they are not guaranteed for LBP in general.

2.3.1 Belief Propagation for Tree-Structured Graphs

BP on a tree-structured graph gives the exact marginal distributions in linear time. In the
asynchronous version, message m,_,; is sent from node 7 to its neighbor j after node i receives
messages from all other neighbors, where a suitable message scheduling scheme is needed!.
Alternatively, we can use the synchronous version of BP, where messages are updated in an
iterative way. In each iteration all messages are updated according to previous messages.
After convergence, all the messages reach the fixed points. Then we can use the fixed point
messages to compute the marginals and pairwise marginals for all nodes and edges.

Here is a summary of the synchronous version of belief propagation on tree-structured

graphical models. Consider a graphical model

po) = 5 [Tete) I wileny) 2.

% (3,7)€E
1. Message Passing

We initialize all the messages as ml(-olj =1,V(i,j) € &.

!Start from the leaf nodes moving toward common “root” and then return to the leaves.
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At each iteration, the messages are updated based on previous messages:

m () /% ;)i (i, ;) H m,il?(m,-)dxi, V(i,5) € &. (2.9)
keN (i)\j

After convergence, all the messages satisfy the fixed point equations:

mi—;(z;) /1/12 i) Vis (2, 5) H myg_i(z;)dx;, Y(i,j) € E. (2.10)
keN (i)\j

For tree-structured models, the fixed point messages are obtained in linear time for
any initial values.

2. Marginals Computation
The marginals and pairwise marginals are computed based on the fixed point messages.

@ keN

where Z; is the normalization factor.
1
pij(xbxj) = 7wl(xz)¢]<x])¢2j(wzax]) H mk—»z(xz) H mp—; x] (212)
) keN (i)\J leN(G)\e

where Z;; is the normalization factor.

For tree-structured graph, the marginals and pairwise marginals computed above are

exact.

In practice, each message can be represented by a vector for discrete models. For con-
tinuous models, each BP message is a real function which is difficult to store and transfer
precisely. However, in Gaussian graphical models, the messages are Gaussian functions,

which can be easily represented by a few parameters. Here we also give the Gaussian BP as
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a special case of BP. Consider a Gaussian graphical model
p(x) e~ 2x"Pxthx (2.13)

1. Message Passing

We initialize all the messages as AJ ; and AR

i—3)

V(i,j) € E.

At each iteration, the messages are updated based on previous messages:

AT = =T )T gy and AR = — T (D) TR Y, (2.14)
where
1
JYV=di+ Y ALY and AV =i+ S AR (2.15)
keN (i)\j kEN ()\j

After convergence, all the messages reach the fixed points: AJ;_,; and Ah,_;, V(i) €
E.

For tree-structured models, the fixed point messages are obtained in linear time for

any initial values.

2. Marginals Computation

The variances, means and covariances for all nodes or edges are computed based on

the fixed point messages:

kEN (i) keN (i)

which can be converted to the variance and mean by P;; = ji_l and p; = ji_lﬁi.

Every edge (i, j) € £ computes the covariance between z; and x; by

keN(i)\j leEN(G)\i
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For tree-structured graph, the variances, means and covariances computed above are

exact.
The convergence and correctness of BP on trees are given by the following proposition.

Proposition 2.1. Belief propagation for tree-structured Gaussian graphical models is guar-

anteed to converge in linear time and gives exact variances and means for all nodes.

Proof. See [24]. O

2.3.2 Belief Propagation for Loopy Graphs

LBP has the same message passing and marginals computation steps. In the message passing
step, the messages are updated by the same equation as in (2.9). However, for general graphs,
the messages are not guaranteed to reach fixed points. If the messages do reach fixed points,
we proceed to compute the “marginals” and “pairwise marginals” as in (2.11) and (2.12).
Note that even if the messages reach fixed points, the marginals and pairwise marginals we
obtained are inaccurate in general.

For Gaussian graphical models, the messages are updated as in (2.14). When the mes-
sages reach fixed points, we compute the LBP approximations of the variances, means and
covariances by (2.16) and (2.17). Again, the messages are not guaranteed to converge. Even
if they converge, the estimated variances are not accurate in general.

An important property of LBP in Gaussian graphical models is as follows.

Proposition 2.2. When LBP converges in Gaussian graphical models, i.e. all the messages

reach fixed points, the means given by LBP are exact.

Proof. Refer to Claim 5 in [42] for a proof. In [28] a walk-sum interpretation is provided in

Proposition 3.2.4. O
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2.4 Walk-sum Analysis

Inference in Gaussian graphical models can be interpreted from a walk-sum point of view.
The variances and means can be viewed as the sums of walks defined on the underlying
graph. Thus the algorithms for solving inference problems can be considered as capturing
walks. Walk-sum analysis is useful because we can use this interpretation to verify and
develop inference algorithms. If we can show that the walks captured by a certain algorithm
are exactly all necessary walks, the correctness of the algorithm is then verified. On the
other hand, we can also analyze why some algorithms do not give the accurate inference
results by showing the missing walks.

For a Gaussian graphical model, we can normalize the information matrix J such that
all the diagonal entries equal 1. Let R = I — J, then R has zero diagonal. Every non-zero
off-diagonal entry corresponds to an edge in the underlying graph. We set the weight of the
edge between node i and j as R;;, the 7, j entry of R. The matrix R is called the edge
weight matrix.

A walk of length [ > 0 is defined as a sequence w = (wp, wy, wa, ..., w;), where w; € V,
i €0,1,...,0 and each step (w;,w;;1) corresponds to an edge in the graph. The weight of a
walk is defined as the product of the edge weights,

P(w) = T Run_y wns (2.18)

where [(w) is the length of walk w. Also, we define the weight of a zero length walk, i.e., a
single node as 1.

By the Neumann power series for matrix inversion,
PEJ 1 =(I-R)™ =Y Rt for p(R) <1, (2.19)

k=0

where p(R) is the spectral radius of R, defined as the largest absolute eigenvalue for a

symmetric matrix R.
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We define the walk-sum or sum of walks as the sum of weights of walks in a set:

o) 2 Y g(w), (2.20)

wew

where W is a set of walks. We denote ¢(i — j) as the sum of all walks from node i to node
j. Also, we call ¢(i — i) the self-return walk-sum of node 1.
We can show that the i, 7" entry of R' is the sum of all walks of length [ from node i to

node j, denoted by ¢'(i — j). Then

o0

Py=Y ¢l j). (2.21)

=0

Therefore, Pj = ¢(i — j) = X7°0 ¢ (i — 7).
A Gaussian graphical model is walk-summable if for all 7, j € V, the walk-sum ¢(i — j)
converges for any order of the summands. Several equivalent conditions for walk-summability

are given as follows.

Proposition 2.3. The following conditions are equivalent to walk-summability:

(1) Xgwi—jy |9(w)| converges for all i,j € V, where {w : i — j} is the set of walks from
1 1o 7.

(ii) p(R) < 1, where R takes the entrywise absolute value of R.

Proof. See Proposition 3.1.1 in [28]. O

In walk-summable models, ¢(i — j) is well-defined for all 7, 7 € V. The covariances and

means can be expressed as

Pj=¢(i—j) and ;= Z h; Py = Z hip(i — j). (2.22)

JEV jev
For walk-summable models, there are some important properties:

1. If {U,}5°, is a countable collection of mutually disjoint walks, we have o> U,) =

o1 ¢(Un).
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2. If u = (ug,...,up), v = (vo, ...v) and u, = vy, we define the product of walks u and
v as the concatenation of u and v, namely, uv = (ug, ..., Up, V1, ..., vy,). Consider a
set U with all walks ending at node u.,qs and a set V with all walks starting at node
Ustart = Ueng- We define UV = {uv|u € U,v € V}. If Yw € UV there is a unique pair
(u,v) € U x V such that uv = w, we call (U,V) a valid decomposition. For any valid
decomposition (U, V), ¢(UV) = p(U)p(V)

By the above properties, we have two formulas as follows.

1. The single-visit self-return walk-sum ¢(i 4 i) denotes the walk-sum of all non-zero
length walks that start at node 7 and end at node ¢ but do not visit node ¢ in between.

We have

o(i — 1) = (2.23)

\¢

1— (i i)

2. For i # j, the single-visit walk-sum ¢(i A j) denotes the walk-sum of all the walks

that start at node ¢ and end at node j but do not visit node j in between. We have
o(i — j) = o(i = j)o(j — j). (2.24)
A comprehensive walk-sum analysis of belief propagation in Gaussian graphical models

is given in [28]. Here we list some propositions that we will use later in this thesis.

Proposition 2.4. A Gaussian graphical model is walk-summable if it is attractive, i.e. any

edge weight R;j, is nonnegative.
Proposition 2.5. LBP converges for a walk-summable Gaussian graphical model.

Proposition 2.6. In walk-summable models, the LBP variance estimation for a node is a
sum over all backtracking walks of the node, which is a subset of all self-return walks needed

to calculate the correct variance.
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Figure 2-2: An example of the FVS

Here a backtracking walk is a self-return walk that can be reduced consecutively to a

single node. Each reduction is to replace a subwalk of the form {3, j,} by the single node

{i}.

2.5 Feedback Vertex Set

A feedback vertez set (FVS), sometimes also called a loop cutset or cutset, is defined as a set
of vertices whose removal results in an acyclic graph [39]. For instance, node 1 in Fig 2-2
forms an FVS by itself. The problem of finding the FVS of the minimum size is called the
minimum feedback vertex set problem, which has been widely studied in graph theory and
computer science community. It has many applications such as genome assembly and VLSI
chip design [4,34]. In combinatorial circuits, some circuit components may receive new input
signals before they stabilize if there are cycles in the circuits. We can solve the problem by
placing some clocked registers at the FVS so that the cyclic effect can be eliminated. Finding
a minimum FVS is then a natural problem for minimizing the cost of registers.

For a general graph, the decision version of the minimum feedback vertex set problem,
namely, deciding whether there exists an FVS of size at most k, has been proved to be
NP-complete [25]. Tt is actually among the earliest problems for which NP-completeness has

been shown. Finding the minimum FVS for general graphs is still an active research area.
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The fastest algorithm to date has the complexity of O(1.7548"), where n is the number of
nodes [14].

However, if we have some prior knowledge about the graph structure, optimal or near
optimal solutions can be found efficiently or even in linear time for many special graph
structures. In [35] the authors showed that in reducible graphs the minimum FVS can
be found in linear time. In [41] and [26] polynomial time algorithms are proposed to find
the minimum FVS for cyclically reducible graphs and AT-free graphs. Fixed parameter
polynomial time algorithms are also developed to find the minimum FVS if the minimum
size is known to be bounded by a parameter [9].

In addition, approximate algorithms are also proposed to give an FVS whose size is
bounded by a factor times the minimum possible size [1,2,12].

In [1] the authors propose a factor 2 approximate algorithm that gives an FVS of size
at most 2 times the minimum size. We introduce this algorithm in this section. First
we describe some useful notions and operations related to this approximate minimum FVS
selection algorithm, such as clean graphs, graph cleaning and semi-disjoint cycles. More
detailed descriptions can be found in [1].

A graph is called a clean graph if there are no leaf nodes, i.e. nodes of degree one or
zero. The graph cleaning operation is to remove the leaf nodes with their incident edges and
keep removing the newly generated leaf nodes until the remaining graph is a clean graph. In
other words, the graph cleaning operation removes all the tree branches in a graph. For a
graph with n nodes, the graph cleaning operation can be done in time O(n), assuming the
degree of each node is already available.

A disjoint cycle is a cycle in a graph where all nodes in it have degree 2. A semi-disjoint
cycle is a cycle where all nodes in the cycle have degrees 2 with at most one exception.
For instance, the cycle abcda in Figure 2-3 is a semi-disjoint cycle with node a being the
exception. A path with only degree-2 nodes is called an non-branching path. Detecting
semi-disjoint cycles can be done in time O(n 4+ m).

We summarize the factor 2 minimum FVS selection algorithm in Figure 2-4.
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Figure 2-3: A semi-disjoint cycle abeda

Input: an undirected graph G = (V, )
Output: a feedback vertex set F

1. Initialize F = 0 and w(i) = 1, Vi € V.
2. Clean up G. Update V to be the set of the remaining nodes.
3. While V # (), repeat

e If G contains a semi-disjoint cycle C, then
~v =min{w(i);i € V} and let w(i) « w(i) — v, Vi € C.
Else
v =min{w(i)/(deg(i) — 1);i € V} and let w(i) < w(i) — y(deg(u) — 1), Vi € V.

e Remove each node i with w(i) = 0 from V and add it to F. Push it onto stack S.
e Clean up G.

4. While stack S # (), repeat

o i = pop(S)

o If 7 — {i} is an FVS in the original G, remove ¢ from F.

Figure 2-4: A factor 2 approximate algorithm for the minimum FVS problem
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The complexity of this algorithm is given as follows.

Proposition 2.7. The algorithm in Figure 2-4 gives a minimal F'VS of size at most two
times the size of the minimum FVS in time O(min{mlogn,n?}), where m and n are the

numbers of the edges and vertices respectively.

An FVS is called a minimal FVS if it does not contain any smaller FVS. In other words,

if we remove any node from a minimal FVS; it is no longer an FVS.

Proof. See [1]. O
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Chapter 3

Exact Feedback Message Passing

As we discussed in the background chapter, inference on a tree-structured graph can be
solved exactly by BP in linear time with respect to the graph size. For graphs with cycles,
the convergence and correctness of LBP are not guaranteed. In this chapter, we show that
for a class of graphs with small feedback vertex set (FVS), inference problems can be solved
efficiently by the feedback message passing (FMP) algorithm.

The high level idea of the FMP algorithm is to select a set of nodes as feedback nodes. We
use a special message update scheme for the feedback nodes while using standard BP message
passing scheme for the non-feedback nodes. The feedback nodes are selected to break all
the cycles in the graph. There are two rounds of message passing in FMP, each requires
some amount of memory and communication capacity, according to the graph structure. In
the FMP algorithm, we perform two rounds of BP with different parameters. In the first
round of BP, we obtain the inaccurate “partial variance” and “partial mean” as well as some
“feedback gain” for every non-feedback node. Next we compute the exact inference results
for the feedback nodes. In the second round of BP, we make corrections to the “partial
variance” and “partial mean” of the non-feedback nodes.

In this chapter we start with the single feedback node case, and illustrate the algorithm
by concrete examples. Then we describe the general FMP algorithm with multiple feedback

nodes. We will also discuss the correctness and complexity of the FMP algorithm.
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3.1 The Single Feedback Node Case

3.1.1 FMP with a Single Feedback Node

Consider the loopy graph in Figure 3-1(a). A Gaussian graphical model is defined on this
graph. Let J and h be the information matrix and potential vector of the model respectively.
In this graph every cycle passes through node 1, which can be used as the single feedback
node for the graph. We denote the set of neighboring nodes of node 1 as N(1). We use
T to denote the subgraph excluding node 1 and its incident edges. Graph 7 is a tree or a
disconnected forest, which does not have any cycles. Here we call such graphs tree-structured
graphs. With node 1 being the feedback node, the FMP algorithm has the following steps:

Step 1: Initialization

We construct a new potential vector h' on 7, where h! = Jy;, Vi € N(1) and h! =
0,Vi ¢ N(1),i # 1. We can view this step as node 1 sending messages to its neighbors to
initiate h'. The new potential vector h' captures some of node 1’s effects on 7 so that nodes
in 7 can process this information. See Figure 3-1(b) for illustration.

Step 2: First Round of BP

BP is performed on 7 with model parameters Jr and hz, where Jr and hsy are the
corresponding submatrix and subvector of J and h respectively. After convergence each node
i in 7 obtains its “partial variance” PZ = (J7'); and its “partial mean” p? = (J7'hg);
by the standard BP on 7. Note that these results are not the true variances and means
since they only capture local structures within 7 without considering the effects of node
1. Another BP is performed on 7 with the the same information matrix J7 and the new
potential vector h!. Each node i on 7 will get a feedback gain g, where gt = (J7'h'); by
standard BP on 7.

In practice we only need to run BP once, with J; and two potential vectors hy and h'
simultaneously. We also put the header information “1” into the messages related to h' to
mark the source of the messages. Since 7 is a tree-structured graph, BP converges after a

finite number of iterations in linear time. After convergence, every node i knows its “partial
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variance” Pl = (J71)y, “partial mean” u? = (J7'h7); and feedback gain g = (J7'h');.
Step 3: Inference for the Feedback Node
Feedback node 1 collects the feedback gains from its neighbors as shown in Figure 3-1(d).

Node 1 then calculates the exact variance and mean for itself by

Py = (Ju— >, Jljgjl')_lu (3.1)
JEN()
H1 = P11 hl Z Jlj,u] (32)
JEN(1)

In this step, all the computations only involve local parameters and the feedback gain or
“partial mean” of node 1’s neighbors.

Step 4: Feedback Message Passing

After feedback node 1 obtains its own variance and mean, it passes the results to other
nodes in order to correct their “partial variances” PZ and “partial means” u? as computed
in Step 2 (see Figure 3-1(e)).

The neighbors of node 1 revise their node potentials as follows:

b= | o D i ENQ) o)
hj, Vi g N(1).

From this formula we see that only node 1’s neighbors revise their node potentials. The
revised potential vector h7 is then be used in the second round of BP.

Step 5: Second Round of BP

We perform BP on 7 with J; and hy (see Figure 3-1(f)). The means p; = (J7'hy);
obtained from BP are the ezact means.

The ezxact variances can be computed by adding correction terms to the “partial vari-

ances”.

.P”_P —|—P11( ) \V/ZET (34)

where the “partial variance” PZ and the feedback gain g are computed in Step 2. This

(23

computation is local when Pj; is propagated throughout the graph as a message.
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Figure 3-1: The FMP algorithm with a single feedback node

In Appendix A, we will give another example of the FMP algorithm with a single node.

We write down all the feedback messages explicitly.

3.1.2 A Walk-sum Analysis for FMP with a Single Feedback Node

We now give a walk-sum interpretation of why the FMP algorithm with a single feedback
node gives the exact inference results. A more rigorous proof is provided when we discuss
the FMP algorithm for general graphs.

As we described in the background chapter, the exact means and variances in Gaussian
graphical models can be interpreted as sums of walks on the graphs. If we can show that
the solution given by an algorithm captures exactly all walks needed, the correctness of the
algorithm is then verified. In this section, we will show that the FMP algorithm with a single
feedback node indeed captures exactly all necessary walks for correct inference.

Assume there exists a single feedback node in the graph G of n nodes. We number the
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feedback node as node 1 and we denote the tree-structured graph achieved by eliminating
node 1 as 7. A Gaussian graphical model with information matrix J and potential vector h is
Markov with respect to G. Without loss of generality, we can assume J has been normalized
so that all the entries in the diagonal equal to one. Let R = I — J, where [ is the identity
matrix. Following the notations in the background chapter, Vi # j, R;; = —J;; is the weight
of a single step from node i to node j. By (2.22), the variance of node 1 can be calculated
by

Py =¢(151), (3.5)

where ¢(1 EA 1) denotes the sum of all walks starting from and ending at node 1 within G.
We call ¢(1 9, 1) the self-return walk-sum of node 1.

By (2.23), we have
1

= : 3.6
1-¢M1 % 1) 30

o1 1)

where ¢ (1 5, 1) is called the single-visit self-return walk-sum of node 1. Tt is defined as
the sum of all the walks from node 1 to node 1 within G that do not visit node 1 in between.

For any such single-visit self-return walk, it must visit a neighbor j at the first step from
node 1 and visit a neighbor k at the last step before it ends at node 1. In between, the walk
can be any walk from j to k& within 7. This decomposition guarantees that the walk visit
node 1 exactly once after it leaves node 1. By enumerating the combinations of j and k, we

can compute ¢((1 % 1) by

sN151) = 3 (Y el S k) (3.8)

kEN(1) JEN(1)

keN (1)
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where 911 = ZJEN J1]<Z5(] L k).

By (2.22), the mean of node i is a weighted sum of walk-sums:

=3 hio(j S i). (3.10)
Jj€g
Comparing the expression of gi with (3.10), g} can be interpreted as the “mean” of node
k when we consider a model defined on 7 with the submatrix J7 of J as the information
matrix and h! = Jr; as the potential vector. By Proposition 2.1, gi is calculated exactly
by performing BP, since 7 is a tree-structured graph. Therefore, gi here is the same as g}
n (3.1).
By substituting (3.9) into (3.6), we have

PH = Z Jlkgk 1. (311)
keN(1
Since Ji; has been normalized to 1, the formula is the same as in the FMP algorithm.
Therefore, the variance of the feedback node 1 by the FMP algorithm is exact.
By (2.24),

o(i 1) =W L 1)p(1 5 1), Vi £ 1, (3.12)

where ¢! (i 4, 1) is the single-visit walk-sum from i to 1. It is defined as the sum of all the
walks from ¢ to 1 that visit node 1 exactly once.

The interpretation of this walk-sum equation is that any walk from i to 1 can be uniquely
decomposed into two parts: the walk starting from ¢ until its first visit to node 1; any walk
starting from 1 and ending at 1. We can further categorize a walk in the first part according

to which node it visits before its first visit to 1. Then

V51 = > ol Ji) = =g (3.13)

JEN(1)

where by our notation, —J;; = Rj; is the weight of a single step walk from j to 1.

With the above formulas, we can show that the mean of the feedback node 1 is computed

36



exactly by the FMP algorithm. By (3.10),

o= Y hig(i 5 1) (3.14)
= S hio(i 1) + (1 S 1). (3.15)
i£1
By (3.12) and (3.13),
o= 3 hioWi S D1 S 1)+ ho(l 1) (3.16)
i#£1
= (T h Y ol 5 i)(=T))e(1 S 1) + (1 £ 1) (3.17)
i#l  jeN(1)
= (= > Jiu > hio(i % J) 4+ h1)o(1 E 1) (3.18)
JEN(1) i#1
= (h— Y Jupl)Pu, (3.19)
JEN(D)

where ujT = 2z hio(i kR j). Here /JJJ-T can be exactly computed by running BP in 7 with
Jr and hy. It is the same ,LLJ-T as in the FMP algorithm. This shows that the FMP algorithm
gives the exact mean for the feedback node.

We continue to show that FMP also gives the correct means and variances for nodes in

7T after the second round of BP.

Fori# 1, w = Y ho(j i) (3.20)
J

= Y bl i)+ (1 i), (3.21)
Jj#1

In this formula, ¢(j 9, i) is the sum of all the walks in G from j to ¢. These walks can be
classified to two categories: all walks from j to ¢ within 7 and all the walks that visit 1 at

least once. We denote the sum of the latter walks as ¢§”(z 9, j). Then

o(j L i) =o(j i)+ ¢ (i 2 j). (3.22)
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Note that we will frequently use the fact that walk-sum is symmetric, namely, ¢(i 9, j) =

o(j 5, i) in our following steps. It is because the weight of any walk remains the same when

we reverse the order of every step. Any walk that visits node 1 at least once can be uniquely

decomposed into: a walk within 7 from ¢ to one of 1’s neighbors; a step from 1’s neighbor

k to node 1; and any walk from 1 to j within G. We have

oV %)= 3 ol L) (—Ju)e(l D ).

keN (1)

Substituting (3.22) and (3.23) into (3.21), we have

wio= S hloG L)+ Y 6D k) (= Ju)o(l L §)] + ho(l S i)

J#1 keN (1)

= YholG B i)+ Y [(—a)eli D kot L )] + mo( L i),

J#1 J#L k#1

By (3.12) and (3.13),

Ui = Zhjqﬁjﬁl + 3 R (=T Zl)k)ﬁb(lij)

J#1 J k#1

= S hio(GDi) + D e D (—Ji)eli 5 o1 S k)
J#1 k J#1

= S hio(G L i)+ (=) (1 L B)oli ).
Jj#1 Jj#1 k

Since py1 = Y5 hro(1 ER k),

M = Zhﬂb]—)@ + > (= )o@ L 5)

J7#1 J#1

= S (hy — Jiym)o(j 5 i)
J#1

= Y hio(G 5 i),
J#1

(3.23)

(3.24)

(3.25)

(3.26)
(3.27)

(3.28)

(3.29)
(3.30)

(3.31)

where ﬁj = hj—Jijpn. It is the same as the revised node potential Ej in the FMP algorithm.

The last equation is equivalent to performing BP on 7 with the revised the potential vector
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hr as in the FMP algorithm. This shows the correctness of the means in the FMP algorithm.

Finally, we show that the variances of nodes in 7 are also computed exactly in the FMP
algorithm. The exact variance of node i in 7 is the sum of all the walks starting from and
ending at node i. These walks can be categorized into all the walks within 7 and all the

walks that visit node 1 at least once. Therefore,

oi 5 i) = o(i B i)+ ¢V (i 2 j). (3.32)

Any such walk can be decomposed into three parts: a single visit walk from ¢ to 1; any walk

from ¢ to i; and the reverse of a single-visit walk from ¢ to 1. Therefore,

oi S i) = ¢(i B i)+ ¢ L 1)p(i & i)pM (@ S 1), (3.33)

By (3.13),
Py = P + (~gi)Pu(—g;) = P + Pu(g;)*, (3.34)
where PT, g} and Py, are all the same quantities as in the FMP algorithm. This completes

our walk-sum analysis for the FMP algorithm with a single feedback node.
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3.2 Feedback Message Passing for General Graphs

For a general graph, the removal of a single node may not break all the cycles. We may
need multiple nodes to form an FVS. The FMP algorithm with a single feedback node can
be extended by adding extra feedback messages. Each extra message corresponds to one
feedback node in the FVS. Since the computational complexity depends on the size of the
FVS, it is important to find a small FVS before we apply the FMP algorithm.

There are many algorithms to find a small FVS. We can use an exact algorithm to find
the minimum FVS or we can use an efficient approximate algorithm to find an FVS of small
size, but not necessarily the minimum size. For example, the algorithm described in Figure
2-4 gives an FVS of size at most two times the minimum size in O(min{mlogn,n?}), where
m is the number of edges and n is the number of nodes. This algorithm is efficient and
has been widely used. If we want to solve many problems with different parameters but the
same structure, we may instead use a more complex algorithm to obtain a smaller FVS. How
to choose the appropriate F'VS selection algorithm depends on practical problems. In this
section, we assume the FVS F is given by certain algorithm before we perform the FMP

algorithm.

3.2.1 Feedback Message Passing Algorithm

Without loss of generality, we order the nodes such that nodes in F are the first k£ nodes,
where k is the size of F. The FMP algorithm with multiple feedback nodes is essentially the
same as with a single feedback node. Now k extra potential vectors are used instead of just
one. In the single feedback node case, we can directly compute the mean and variance for
the feedback node after the first round of BP. Here we need to solve an inference problem on
a smaller graph of size k. The exact variances are computed by adding multiple correction
terms to the “partial variances”. The exact means are computed by a second round of BP
with a revised potential vector, which has “listened” to the feedback nodes.

The FMP algorithm with a given FVS F is summarized in Figure 3-2.
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Input: information matrix J, potential vector h and feedback vertex set F of size k
Output: mean y; and variance Pj; for every node ¢

1. Construct k extra potential vectors: Vp € F,h? = Jr,, each corresponding to one
feedback node.

2. Perform BP on 7 with Jr, ht to obtain P7 = (J;7') and pu? = (J7'hy); for each i €
7. With the k extra potential vectors, calculate the feedback gains g = (J7'h');, g? =
(J7'h?);, ..., g% = (J7'h*); for i € T by BP .

3. Obtain a size k subgraph with Jr and hr given by

(JF)pg = Jpg — Z Jpjg?a Vp,q e F
JEN (P)NT

(hf)p = hp— Z Jpj:ug’ VpeF,
JEN (p)NT

and solve the inference problem on the small graph by P7 = Jz', u” = J7'hg.

4. Revise the potential vector on 7 by

JEN()NF

5. Another round of BP with the revised potential vector hy gives the exact means for
nodes on 7.

Add correction terms to obtain the exact variances for nodes in 7:

Pi=Pl+> Y g'Plqgl VieT.

peEF qeF

Figure 3-2: The Feedback Message Passing algorithm
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3.2.2 Correctness and Complexity of the FMP algorithm

In this section, we analyze the correctness and computational complexity of the FMP algo-

rithm.

Theorem 3.1. The feedback message passing algorithm described in Figure 3-2 gives the

exact means and exact variances for all nodes.

Proof. Given the model parameters J and h, with an FVS F of size k, we want to compute
the variances of all nodes, which are the diagonal entries of P = J~!, and compute the means
p = J1h of all nodes. Without loss of generality, we order the nodes such that the feedback
nodes are the first £ nodes. The other nodes are numbered from k 4 1 to n. Following this
ordering, we can write the model parameters as

Jr ! h
J=| "7 M| andh=1| 7 |. (3.35)

JM JT hT

For a valid model, J = 0. Then we have Jr = 0, Jr = 0 and Jr — Jj,J7"Jy = 0. Note that
J7 is tree-structured by our definition of F.

Similarly, we can write

Pr Pj
p=| "7 ™Ml andpu=| " (3.36)
Pu Pr nr
By the above notations,
Jy = [h',h? .. hP], (3.37)

where h', h?,.. . h* are the same as in the FMP algorithm. The feedback gain g', g2, ..., g"
in the FMP algorithm are computed by BP with h', h? ... h* as the potential vectors.

By Proposition 2.1, BP gives the exact inference results on trees. Therefore,

T R i e N e oY (3.38)
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In the FMP algorithm, p” is computed by BP using hs as the potential vector, then
p’ = J: hy (3.39)

In the FMP algorithm, the diagonal of J;' is also calculated exactly in the first round of
BP as P! = (J7)u.

Since P = J~!, we have

Jr J Pr P Ir 0
FoJu FoiMo| _ | 4T ' (3.40)
Then
JuPy +JrPr = Iy (3.41)
JuPr+ JrPy = 0. (3.42)
Thus
Pr = J'—J7 Iy Py, (3.43)
Py, = —Pr(J7 ). (3.44)
By substituting (3.44) to (3.43), we have
Pr = J7' + (JF T Pe(J7 Ty (3.45)
By (3.38), we have
Pr=J7"+ (g8 ....g"Prlg". g% ....g". (3.46)
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Therefore,

Pi=P] +> > gl (Pr), g, VieT, (3.47)

pEF qEF
where gP is computed in the FMP algorithm. Here P is the exact covariance matrix of the
feedback nodes in F. This is the same equation as in the FMP algorithm. To show that the
FMP algorithm gives the correct variances, later we will show that Pr is indeed calculated
exactly in the FMP algorithm.

Since g = J~'h, we have

Jr Iy K hz

= : (3.48)
v Jr 158 hr
Then
Jupr + Jrpur =hy (349)
pr =J (hy — Jypg). (3.50)
We define hy = hy — Jy pur, namely
~ hy — > cnvinr Jijy @ € N(F
(hr); = Zjentons Jil ) (3.51)

h; i ¢ N(F),

where N'(F) = Ujer N (J)\F, and pr is the exact mean of nodes in F. This step is equivalent
to performing BP with parameters J7 and the revised potential vector hr as in the FMP
algorithm.

To complete the proof, we need to show that the FMP algorithm indeed gives the exact
Pr and pr.

By the equation of Schur’s complement,

)
1>

Pl = Jr — Jipdrt Ty =0 (3.52)

>
5
1>

Prlur =hg — Jy, J7 hy (3.53)
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Therefore,

Jr = Jr—Jylg', g’ ..., 8" (3.54)

hy = hr—J,u”. (3.55)

This is exactly the same as in the FMP algorithm:

(jf)pq = Jpg— Z Jpj9?7 Vp,q e F
JEN (P)NT

(hg), = hy— Y. Jyml, VpeEF.
JEN (P)NT
Therefore, we get the exact mean and exact covariance matrix for nodes in F by solving

Pr = (JAJ:)*1 and pr = Prhy. This completes the proof. O

Proposition 3.2. The computational complexity of the FMP algorithm in Figure 3-2 is
O(k*n), where k is the size of the FVS and n is the total number of nodes in the graph.

Proof. We analyze the complexity step by step (see Figure 3-2). In step 1 and step 2, BP
is performed on 7 with k + 2 messages. The total complexity is O(k(n — k)). In step 3,
O(k*(n — k)) computations are needed to obtain Jr and hz. It takes O(k?) to solve the
inference problem on a graph of size k. Step 4 takes O(k(n — k)) computations to give the
exact means and step 5 takes O(k?(n—k)) computations to add correction terms. Therefore,

the total complexity is O(k*n). O

According to the above results, if the size of the FVS is bounded by a constant, the
means and variances can be computed exactly in linear time. If the size of the FVS is
unbounded but grows much slower than the graph size, e.g. the size of the FVS is O(logn),
the algorithm is still very efficient. For example, based on a hierarchical tree model, we
can add an additional node to each layer, and connect it to every other nodes in the same
layer. In this way, the dependence structure within the same layer can be explicitly modeled.

Figure 3-3 shows an example of such models with 4 layers. For such a model of n nodes,
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Figure 3-3: A hierarchical model with an additional node in each layer

the number of layers is O(logn). The set of additional nodes can be used as an FVS in the

FMP algorithm. The complexity of exact inference on such models is then O(n(logn)?).
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Chapter 4

Approximate Feedback Message

Passing

Though the exact FMP algorithm always gives correct inference results, it can be intractable
when the size of the F'VS is large. If the size of the FVS k grows linearly with the graph
size n, the computational complexity of the algorithm will be as large as O(n?), which is the
same order as solving a linear system by Gaussian elimination. In this case, we can make
some approximations to obtain tractable algorithms.

The bottlenecks of the exact FMP algorithm are solving a size k inference problem and
adding k? correction terms to each of the non-feedback node. One natural way to make an
approximation is to use a set of feedback nodes of bounded size. Then we do calculations
among the non-feedback nodes approximately while solving the size k inference problem
exactly. The resulting algorithm is called the approximate FMP algorithm with a pseudo-
FVS.

In this chapter we describe this approximate algorithm and relevant theoretical results.
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4.1 Approximate FMP with a Pseudo-FVS

An FVS breaks all cycles in a graph. In contrast, we define a pseudo-FVS as a subset of an
FVS that does not break all the cycles. When the size of the FVS is large, the exact FMP
algorithm becomes intractable. Then we can replace the FVS by a pseudo-FVS and make
approximations accordingly. A useful pseudo-FVS has a small size but breaks most cycles
in the graph or most “crucial” cycles in terms of resulting inference error. In this section,
we introduce how to extend the exact FMP algorithm to the approximate FMP algorithm
with a given pseudo-FVS.

Consider a Gaussian graphical model with underlying graph G = (V,€). We use F to
denote a pseudo-FVS, and use 7 to denote the pseudo-tree obtained by eliminating nodes in
F. Being consistent with the exact FMP algorithm, we call nodes in F the feedback nodes.

A natural extension is to replace BP by LBP in Step 2 and Step 5 of the exact FMP
algorithm (see Figure 3-2) since T still has cycles. However, the convergence and correct-
ness of message passing in 7 is no longer guaranteed when an arbitrary pseudo-FVS is
chosen. Obtaining convergence and obtaining accurate results are the goals of selecting a
good pseudo-FVS, a topic which is discussed later. Compared to LBP on the entire graph,
the approximate FMP with a pseudo-FVS yields better convergence and accuracy while
the complexity scales favorably with the graph size. Another advantage of the algorithm
is that we can explicitly trade off the accuracy and efficiency by controlling the size of the
pseudo-FVS.

The approximate FMP algorithm with a given pseudo-FVS of size k is summarized in
Figure 4-1. Without loss of generality, we order the nodes such that nodes in F are the first
k nodes. The total complexity of this algorithm in Figure 4-1 depends on the graph size, the
cardinality of the pseudo-FVS, and the number of iterations of LBP within the pseudo-tree,

as described in the following proposition.

Proposition 4.1. The total computational complexity of the approximate FMP algorithm
with a pseudo-FVS in Figure 4-1 is O(km(k + D)), where k is the size of the pseudo-FVS,

m is the total number of edges in the graph, and D is the number of iterations in each round
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Input: information matrix J, potential vector h, and pseudo-FVS F of size k
Output: mean pu; and variance Pj; of every node ¢

1.

Construct k£ extra potential vectors: h? = J%p,Vp e F , each corresponding to one
feedback node.

Perform LBP on 7 with Jz, hz and the k extra potential vectors. After convergence,
obtain P7

(1

,u? and k feedback gains g}, ¢2, ..., g¥ for each node i in 7.
Obtain a size-k subgraph with fj; and ﬁ% given by
(Jy?>pq = Jpg— Z Jpjgja Vp,q € F
JEN®NT
(Bf>p = hp - Z Jpj/i]ja Vp € -7':7
JEN®NT
and solve the inference problem on the small graph by pPF = j;l, p/g = J='h=.
Revise the potential vector on 7 by
JEN(@NF

Perform another round of LBP with the revised potential vector hz to obtain the

means for nodes in 7.

Add correction terms to obtain the variances of nodes in 7 :

Pi=Pl 4+ S g?Prgl Vie T,

pef qeF

Figure 4-1: The approximate FMP algorithm with a pseudo-FVS
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of LBP within the pseudo-tree.

Proof. In step 1 and step 2, LBP is performed on 7 with k + 2 messages. The complexity is
O(kmD). In step 3, O(k2(n — k)) computations are needed to obtain Jz and hr, where n is
the number of nodes in the graph. It takes O(k3) computations to solve the inference problem
on the size-k subgraph. In step 4 and step 5, it takes O(mD) computations to obtain the
means by another round of LBP, and O(k*(n — k)) computations to add correction terms.

The total complexity is thus O(km(k + D)). O

Note that this complexity result is for general graphs, which can be very dense graphs or
even complete graphs. If the graphs we consider are sparse, e.g. the number of edges grows

linearly with the number of nodes, the computational complexity is then O(km(k + D)).

4.2 Convergence and Accuracy

In this section, we provide some theoretical results on the convergence and accuracy of the
approximate FMP algorithm with a pseudo-FVS.
For convenience, we first describe the following lemma which is used in our proofs of

Theorem 4.3.

Lemma 4.2. For any nonnegative matriz A, p(Ar) < p(A), where Ar is a principle sub-

matriz of A with column and row indices T', and p(-) denotes the spectral radius of a matriz.

Proof. See the proof of corollary 8.1.20 in [19]. O

Theorem 4.3. Consider a Gaussian graphical model with underlying graph G = (V,€) and
model parameters J and h. If the model is walk-summable, the approrimate FMP algorithm
converges with any selection of pseudo-FVS F C V.

Proof. First we normalize J such that all the diagonal entries equal to one:

J=D'2JD71/? (4.1)
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where D is a diagonal matrix with the same diagonal as J.
Let R=1—J and (R);; = |R;j|. Then R has zero diagonal and nonnegative entries. We
call R the absolute edge weight matriz.

By Proposition 2.3, a graphical model is walk-summable if and only if p(R) < 1, where
p(R) is the spectral radius of the absolute edge weight matrix.

In the approximate FMP algorithm, LBP is performed on the pseudo-tree induced by
T = V\JE . The information matrix on the pseudo-tree is Jz, which is a submatrix of J. We
define R7 as the absolute edge weight matrix of the model on 7. By simple algebra, we can
see RT is the same as R%, the submatrix of R corresponding to columns and rows 7.

By Lemma 4.2,

p(R") = p(Rz) < p(R) < 1 (4.2)

By Proposition 2.5, LBP on T is guaranteed to converge. Except for LBP on T, all
the computations have finite steps for any choice of F. Therefore, the approximate FMP

algorithm converges with any FcCV. Il

In practice, the approximate FMP algorithm often converges with a proper selection of

pseudo-FVS even if LBP on the entire graph does not converge.

Theorem 4.4. Consider a Gaussian graphical model with parameters J and h. If the ap-
prozimate FMP algorithm in Figure /-1 converges with a pseudo-FVS F, it gives the correct

means and variances for all nodes in F.

Proof. Without loss of generality, we order the nodes such that nodes in F are the first k
nodes, where k is the size of the pseudo-FVS. Then we have
Jz Ju h-

andh=| 7 |. (4.3)
Jur J7~. h7~.

J:
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By the formula of Schur’s complement,

)
>

= =Jz— JyJz" I = 0

[

Pzt
f
P}Z_Ip,]? = h]? — J;\/[J%lh%, (4.4)

>

F

where Pz and pz are the exact covariance matrix and mean vector of nodes in F.
By Proposition 2.2, when LBP converges, it gives the correct means. Applying this

theorem on graph 7, we have

giz,J;J%i, Vi=1,2,...,k

MT = J7~_,1h7~., (45)

where g' is the feedback gain and [.l,% is the partial mean as described in Figure 4-1. These
quantities are exact after convergence.

Substituting (4.5) into (4.4), we have

Jr=Jz—Jylg'. g% ...8"
hy=Tz—Jyu'. (4.6)

This is equivalent to

( j—‘v)Pq = Jpq - Z ‘]pjgga vp: qc F
JEN (P)NT

(ﬁ»fv)p =h,— > Jyul, VpeF, (4.7)
JEN (pNT

which is the same formula as in Step 3 in Figure 4-1. By solving the small inference problem

on F in Step 3, we obtain the exact means and variances for all nodes in F. Il

Theorem 4.5. Consider a Gaussian graphical model defined on a graph G = (V,E) with

model parameters J and h. Assume the approximate FMP algorithm in Figure /-1 converges
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with a pseudo-FVS F. Then the calculated mean of any node in T = V\j’-: 15 correct; the
calculated variance of node i in T equals the sum of all the backtracking walks of node i

within T plus all the self-return walks of node i that visit at least one node in F.

Proof. Without loss of generality, we assume the information matrix J has been normalized
to have unit diagonal. We order the nodes such that nodes in F are the first k nodes, where
k is the size of F. We have

J= Jy h =

J=1 7 andh=| 7 |. (4.8)

Iu Iz T

Following the same steps as in the proof of Theorem 3.1, we have

py = J= (hz — Jupz). (4.9)

By Proposition 4.4, p = is computed exactly in Step 3 in Figure 4-1. By Theorem 2.2,
= . —11 % . % .
LBP on 7 gives the exact result of J% h* for any potential vector h*. Regarding hz — Jy p =
as h*, we can obtain exact pz after another round of LBP in Step 5. Therefore, the means
of all nodes in 7 are exact.
Similarly, following the steps in the proof of Theorem 3.1, we have

Pz = Jz" + (JZ" Ia) PE(J= T ). (4.10)

The exact variance of node i € 7 equals the sum of all the self-return walks of node i
according to (2.22). We categorize these walks into two classes: self-return walks of node i
within 7° , and self-returns walks that visit at least one node in F.

The diagonal of J; captures exactly the first class of walks. Then the second term in
the right-hand side of (4.10) corresponds to the sums of the second class of walks. Since
J;J m and Pz are obtained exactly by the algorithm according to the proof of Theorem 4.4,
the sums of the second class of walks are exact. We thus only need to study the accuracy of

the approximation to the first term computed by our algorithm.
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By Proposition 2.6, LBP on 7 gives the sums of all the backtracking walks after conver-
gence. Therefore, the calculated variance result of node i in 7 equals to the sum of all the
backtracking walks of node ¢ within 7 plus all the self-return walks of node i that visit at

least one node in F. O

From the previous two theorems, we can see that the approximate FMP algorithm with
a pseudo-FVS always gives the exact means for all nodes after convergence. It captures
more walks than LBP in calculating the variances: for nodes in F, it captures all self-return
walks while LBP only captures the backtracking walks; for nodes in T , in addition to the
backtracking walks it also captures the non-backtracking self-return walks that visit F while

LBP does not captures any such walks.

Corollary 4.6. Assume a graphical model is walk-summable. Fi.Fa, ..., Fr are pseudo-
FVS satisfying 0 # .7?1 - .7?2 c... C fk and F D fk is an F'VS. Then WiLBP C Wfl C
WfQ C ... C W € W7 for any node i in the graph. Here W[IBP is the set of walks

)

captured by LBP for calculating the variance of node 1; ij is the set of walks captured by

the approximate FMP algorithm with pseudo-FVS ]T"j; and W is the set of walks captured
by the exact FMP algorithm with FVS F.

Proof. All of the algorithms here converge since the model is walk-summable. When we

increase the set of feedback nodes, we miss fewer walks needed for the exact variances. [

Theorem 4.7. Consider an attractive Gaussian graphical model with graph G = (V,E). Let
Fi CFy C--- CF, CF denote the pseudo-FVS (FVS), and PEBY, Pfl, i Pfk, P7
denote the corresponding variances calculated for node i by LBP, approzimate FMP and the
exact FMP algorithm. P; is the exact variance of node i. We have PFBP < Pfl < PfQ <

---ng’“SPZ-f:Piforanynodeimv.

Proof. By Proposition 2.4, a valid Gaussian graphical model is walk-summable if it is at-
tractive. Then all the algorithms mentioned in the theorem are guaranteed to converge.
By Corollary 4.6, WEBP c W c W C ... C I/ka C W7 for any node 4, where we

follow the same notations as in Corollary 4.6. Since all walks have nonnegative weight in an
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attractive model, the sum of walks of a smaller set is less than or equal to the sum of walks
of a larger set.
Therefore,

PLBP < Pfl < PfQ <... < pif:-k’ <P/ =P, VieV. (4.11)

4.3 Finding a Pseudo-FVS of Bounded size

As we have discussed in previous chapters, the problems of divergence and inaccuracy of
LBP are due to the existence of cycles. By removing a set of feedback nodes from the graph,
we can reduce the number of cycles. One goal of choosing a pseudo-FVS is to ensure that
LBP converges on the remaining pseudo-tree; the other goal is to obtain smaller errors.
Breaking all the cycles by using an FVS will achieve both goals at the same time since the
convergence and correctness of the exact FMP algorithm are both guaranteed. However,
it may lead to intractable algorithms when the FVS is large. This motivates us to find a
good pseudo-FVS whose removal breaks most cycles or most crucial cycles in the graph. In
addition, by adjusting the size of the pseudo-FVS, we can explicitly trade off the accuracy

and efficiency. In this section we discuss two algorithms motivated by these two goals.

4.3.1 Selecting a Pseudo-FVS for Convergence Purpose

Consider a Gaussian graphical model of n nodes with information matrix J and potential
vector h. Without loss of generality, we assume J has been normalized to have unit diagonal.

Let R denote the matrix taken the entrywise absolute values of R = I —.J. By Proposition
2.5, p(Rg) < 11is a sufficient condition for LBP to converge on graph G, where p(-) denotes the
spectral radius of a matrix. Hence the problem reduces to that of removing the minimum
number of nodes such that p(Rz) < 1 for the remaining graph 7. This problem can be

written as
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minimize  k
subject to (1 —€)l — XRX =0
(1—-€e)l+XRX =0 (4.12)
d Xui=n—k

X is an n x n diagonal matrix, X;; € {0,1},

where € is a small positive number.
Alternatively, we can bound the number of nodes to remove and minimize p(Rz) for the

remaining graph 7. This problem can then be written as

minimize T
subject to 7I[ — XRX =0
I+ XRX =0 (4.13)

ZXii >n—k
X is an x n diagonal matrix, X;; € {0,1}.

Since directly solving this problem is intractable, we make several relaxations to obtain a
simple algorithm.

In [19] the following bound on the spectral radius of a nonnegative matrix is given:
min Y Ry < p(R) < max ) Ry
j C

Instead of minimizing the spectral radius, we minimize its upper bound. Then we have

the following problem formulation:
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Input: information matrix J and the maximum size k of the pseudo-FVS
Output: a pseudo-FVS F

1. Let F =0 and normalize J to have unit diagonal.

2. Repeat until |F| = k or the remaining graph is empty.
(a) Clean up the graph by eliminating all the tree branches.
(b) Update the scores s(i) = X ;en |Jijl-

(c) Put the node with the largest score into F and remove it from the current
graph.

Figure 4-2: Algorithm 1 for selecting a pseudo-FVS

minimize T
subject to 17XRX <71

ZXii >n—Fk
X is a n x n diagonal matrix, X;; € {0,1}.

We further simplify this problem by a greedy heuristic: we select one feedback node at
each iteration. Node 7 with the largest score s(i) = 3, R;; is selected at each iteration. Then
we remove node ¢ from the graph and put it into F. We continue the same procedure on the
remaining graph until the maximum allowed size k of F is reached or the remaining graph

does not have any cycles. The algorithm is summarized in Figure 4-2.

4.3.2 Selecting a Pseudo-FVS for Accuracy Purpose

Consider a Gaussian graphical model with n nodes, information matrix J and potential vector
h. Without loss of generality, we assume J has been normalized to have unit diagonal. We
want to find a pseudo-FVS F of bounded size k to give the smallest error. Let R = I — J
be the edge weight matrix. R;; is the weight of a single-step walk from 7 to j or from j to

7. We define the error as the sum of the absolute errors of the means and variances for all
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nodes. Namely,

i€V i€V

where 15” and [i; are the variances and means computed by some algorithms; P;; and p; are
the exact variances and means.

By Proposition 2.2 and Theorem 4.4, 4.5, the means by LBP and by the approximate
FMP are both correct for all nodes after convergence. Hence we only need to consider the
errors of the variances.

From a walk-sum perspective,

e(LBP) =" |¢(i = i), (4.14)
eV
where ¢(LBP) is the error given by LBP and ¢(i > i) denotes the sum of all non-
backtracking self-return walks of node 1.
Let €(p) denote the error given by the approximate FMP with a single feedback node p.

At each iteration, we choose a single node p with smallest error €(p), namely,

p* = argmin €(p). (4.15)
peY
This is equivalent to
p* = argmax e(LBP) — ¢(p), (4.16)
peY

since €(LBP) does not depend on the choice of p.
By Theorem 4.5, when we use node p as the single feedback node, the variance of p is
correct while the variances of other nodes lack the non-backtracking self-return walks within

V\p. Then

NB in V\p

e(p) = D lo(i ——— )], (4.17)

1€V\p

NB in V\p
where ¢(i ————— i) denotes the sum of non-backtracking self-return walks of node 7 within
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V\p. Then

NB . NB_ . . NBinVip
e(LBP) —e(p) = p(p = p)l+ > (I6(i = i)| = [¢(i ——— 1)) (4.18)
1€V\p
Until now, we have not made any approximations. Maximizing the above function of p
gives the best p to choose as a single feedback node at each iteration. However, the exact

function is difficult to deal with, and we must make approximations. For simplicity, we

assume the model is attractive so that the weight of all walks are nonnegative. Then

e(LBP) — e(p) = o(p 2B p) + 3 6(i s i), (4.19)
1€V\p

NB visit
where ¢(i i i) denotes the sum of all the non-backtracking self-return walks of node

1 that visit p at least once.

All walks involved in the above formula are non-backtracking self-return walks and they
all visit p at least once. A complete set of such walks is difficult to capture. Instead, we
can consider a subset of such walks, i.e. all cycles passing through p. Then we replace the
left hand side of (4.19) by Xcec, w(C)I(C), where C,, is the set of all cycles passing through
node p, w(C') is the weight of a cycle C, and [(C) is the length of a cycle C.

Enumerating all the cycles is sometimes intractable since it involves global structure of
the graph. We approximate the lengths and weights of the cycles by some simplifications:
we use the average length [ to replace [(C); the weight of a cycle passing through node p
and its neighbors j and ¢ can be approximated by r'=2R;,R,,, where r is the average weight
of the edges; if we clean up all the tree branches (see Chapter 2 for graph cleaning) before
we select a feedback node, we can assume there exists a cycle passing through any pair of

p’s neighbors. Therefore, the objective function becomes 3 jenrp)j<q ' > RjpRepl. Thus we

J<q
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Input: information matrix J and the maximum size k of the pseudo-FVS
Output: a pseudo-FVS F

1. Let F =0 and normalize J to have unit diagonal.
2. Repeat until |F| = k or the remaining graph is empty.
(a) Clean up the graph by eliminating all the tree branches.

(b) Update the scores s(i) = X2 yen(iy i<k |JitJinl-

(c) Put the node with the largest score into F and remove it from the current
graph.

Figure 4-3: Algorithm 2 for selecting a pseudo-FVS

can formulate an alternative optimization problem as

pr=argmax > 1T°R;,R,l (4.20)
PEVjqeN(p).i<q
=argmax Y |Jpdgl (4.21)

PEV  j4eN(p)j<q

The algorithm is summarized in Figure 4-3.

4.3.3 Comments

The two algorithms are motivated from convergence and accuracy purposes respectively.
Both of the algorithms tend to choose nodes with large edge weights as feedback nodes.
Actually, the score function of Algorithm 1 is equivalent to (e [i5])? = 2 geni) 1is Jial
which is very similar to the score function of s(i) = X; eni),j<q |JijJig| in Algorithm 2.
This similarity is consistent with the fact that when F becomes an FVS, the two goals—
convergence and accuracy are achieved at the same time.

The complexity of the two algorithms are both O(km), where m is the number of edges
and k is the size of the pseudo FVS. These two algorithms are very fast in practice since
they only involve simple computations.

An adaptive way to select a pseudo-FVS is also favorable: we can first use the criterion
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for convergence and then switch to the criterion for accuracy after convergence is guaranteed.
Finding a proper pseudo-FVS is important to obtain convergent and accurate inference
algorithms. We will see later in Chapter 5 that there is a huge performance difference

between a good selection and a bad selection of F.

4.4 Regional FMP Algorithm

When the size of the FVS F of a Gaussian graphical model is large, we can use the approxi-
mate FMP algorithm with a pseudo FVS, in which an inference problem within the feedback
nodes is solved exactly while LBP in the pseudo-tree gives approximate results. There is
an alternative way to make approximations: we still use the full FVS F, and perform BP
exactly in the tree part while solving the inference problem on the FVS approximately.

When we use a full FVS of large size k, there are two bottlenecks in the computational
complexity. First, solving the inference problem on the feedback nodes is difficult because
of the large size. Second, we need to add k? correction terms to each non-feedback node.
For the first problem, we can use a sparse “thinned” graph instead of a complete graph of
the feedback nodes. For the second problem, we can only add a small number of correction
terms to each non-feedback node. There are many ways to construct a “thinned” graph and
to choose correction terms. Here we propose the regional FMP algorithm, which chooses the
“thinned” graph of the feedback nodes and correction terms based on a distance measure on
the graph.

The regional FMP algorithm takes into account the influence region of each feedback
node. Roughly speaking, a feedback node tends to have more influence on the nearby nodes,
and thus we choose the correction terms accordingly. In addition, two feedback nodes with
overlapping influence regions are considered to have strong interaction, and thus we keep
the edge between them in our “thinned” graph of the feedback nodes. Choosing a suitable
influence region for each feedback node is an important step, which is still an ongoing research
problem. In the section, we describe the regional FMP algorithm assuming we are given a

set of feedback nodes and their influence regions.
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Figure 4-4(a) shows the underlying graph structure of a Gaussian graphical model. The
bigger red circles represent the given feedback nodes while the smaller black circles represent
the non-feedback nodes. The influence region of each feedback node is represented by the
big pink circle around it. Nodes covered in a pink circle are said to be within the influence
region of a feedback node. In the regional FMP algorithm, a feedback node only adds
correction terms to nodes in its influence region. Figure 4-4(b) shows the graph formed by
the feedback nodes. A solid red line denotes an edge between two feedback nodes having
strong interaction. The graph with only these edges is called the backbone graph, which is
denoted by B. The backbone graph is then our “thinned” graph for solving the inference
problem on the feedback nodes. Note that there are also other ways to define the “thinned”
backbone graph Jz. The best Jgz depends on the parameters and structure of Jz. Here we
just provide one way to make approximations.

The regional FMP algorithm for the model in Figure 4-4(a) has the following steps:

Step 1: Construct 5 extra potential vectors: Vp € F, h? = Jr,, each corresponding to
one feedback node.

Step 2: Perform BP on 7 to obtain P7 = (J7'); and u? = (J7'hy); for each node
i € T. With the 5 extra potential vectors, calculate the feedback gains g} = (J7'h');, g% =
(J7'h?);, ..., g7 = (J7'h?); for each node i € T by BP.

Step 3: Obtain a size-5 graph defined on the backbone graph with model parameters J5
and hg given by

Gehp = | T~ Toenoor Bty Wpa €F, (pa) €8
B)pg —
0 Vp, g €F, (p,q) ¢ B
(hg)y=h,— > Jypj, VpeF. (4.22)
JEN (P)NT

Step 4: Perform BP (LBP) within the backbone graph with information matrix Jp and
potential vector hg. After convergence, we obtain the approximate variances Py, fi;, Vi € F

and By, V(i,7) € B.
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Revise the potential vector on 7 by

iLi =h; — Z Jz‘jﬂj, VieT.
JEN()NF
Step 5: Another round of BP with the revised potential vector hy gives the approximate
means of nodes on 7.

Add correction terms to obtain the approximate variances of nodes in 7:

= :Piz‘T‘l' z Z gf}_’pqgf, VieT,
pEF; g€ F;
where F; denotes the set of the feedback nodes whose influence region covers node i. If
feedback nodes p and ¢ both cover node 7, they will have overlapping influence region so that
p and ¢ are neighbors in the backbone graph. Thus any P,, needed here has been calculated
in Step 4.
The following proposition gives the complexity of the algorithm.

Proposition 4.8. In the regional FMP algorithm, if the influence region of each feedback
node only overlaps the influence regions of a bounded number of other feedback nodes, the
computational complezity of the algorithm is O(k(n + D)), where n is the total number of
nodes, k is the size of the F'VS, and D is the number of iterations of messages passing within

the backbone graph.

Proof. In Step 1 and Step 2, it talks O(k(n — k)) to perform BP with multiple potential
vectors on 7. In step 3 the complexity is O(kn) to obtain the parameters of the backbone
graph. In Step 4, it takes O(kD) computations to perform LBP within the backbone graph.
In Step 5, another BP on 7 takes O(n) to compute the means. The complexity of adding
correction terms for the variances is O(kn) since each feedback node only share influence

region with a bounded number of other feedback nodes. Therefore, the total complexity is

O(k(n + D)). O
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(a) A graphical model with the influence regions of the feedback nodes

(b) The backbone graph of the feedback nodes
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Chapter 5

Numerical Results

In Chapter 3 we have proved that the FMP algorithm with an FVS always gives the correct
variances and means for all nodes. If the size of the FVS is bounded or grows slowly with
the size of the graph, this algorithm is efficient. When the size of the FVS is large, we can
use a pseudo-FVS instead. In this chapter, we give numerical results for the performance of
the approximate FMP algorithm.

Graphical models defined on grid graphs are widely used in computer vision, oceanogra-
phy /seismic data modeling, and many other applications. Grid graphs are sparse since each
node is only connected to at most four neighboring nodes. However, inference problems on
grid graphs cannot be solved in linear time exactly due to the existence of many cycles of
various lengths. In addition, it is shown that the size of FVS for a grid graph grows linearly
with the number of nodes on the grid [27]. Therefore, we need to select a pseudo-FVS of
small size.

In our simulations in this chapter, we consider [ x [ grid graphs with different values of
. The graph size is then n = [?. Given the size of a grid graph, we randomly generate
an information matrix J, which is sparse with respect to the graph. Its nonzero entries
are drawn from an i.7.d. uniform distribution ranging between —1 and 1. We ensure J is
positive definite by adding proper diagonal values. We also generate a potential vector h,

whose entries are drawn from an 4.:.d. uniform distribution ranging between —1 and 1. In
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each experiment, we have a positive definite information matrix J and a potential vector
h € [—1,1]". Without loss of generality, we normalize the information matrix to have unit
diagonal.

In this chapter, we show numerical results for the convergence and accuracy of the ap-

proximate FMP algorithm. We also compare the performance of the algorithm with different

pseudo-FVS.

5.1 Convergence of the Approximate FMP Algorithm

In Figure 5-1 and 5-2, we show simulation results for a 10 x 10 grid graph. Using pseudo-
FVS selection algorithm 1 for convergence purpose (see Figure 4-2), we choose one feedback
node with the largest score at each step. The remaining graph and its corresponding spectral
radius p(R) are shown in the figures, where R takes the entrywise absolute values of R = [ —.J
for a normalized J. Note that in the selection algorithm, all tree branches are cleaned up at
each iteration so that there are no degree-one nodes in the remaining graph.

LBP does not converge on the original graph. The corresponding spectral radius is
p(R) = 1.0477 as shown in Figure 5-1. When one feedback node is chosen, the spectral
radius corresponding to the remaining graph becomes 1.0415. After removing one more
node from the graph, the spectral radius becomes 0.97249. As we have discussed in Chapter
4, p(R) < 1 is a sufficient condition for LBP to converge on the remaining graph. Thus our
approximate FMP algorithm also converges with the two feedback nodes. Since the spectral
radius is non-increasing when more nodes are removed, our approximate FMP algorithm
still converges if we choose more feedback nodes. In order to give a clear picture of how the
algorithm chooses the feedback nodes, we show more results in Figure 5-2.

In all of our experiments on 10 x 10 grid graphs, we observe that by choosing only a few
nodes (at most three empirically) as pseudo-FVS, we can obtain convergence even if LBP on
the original graph diverges. Convergence is usually a nontrivial issue for many distributed

algorithms. This approach may inspire more effective algorithms to improve convergence.

In our pseudo-FVS selection algorithm 1, we actually use an upper bound on the spectral
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Figure 5-1: Number of removed nodes and the spectral radius—1
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Figure 5-2: Number of removed nodes and the spectral radius—2
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Figure 5-3: Number of selected feedback nodes v.s. the spectral radius and its bound

radius instead of computing the exact value. In Figure 5-3 we show how the spectral radius
and its upper bound decrease when more and more nodes are selected as feedback nodes.
We can see that the spectral radius quickly decreases to be less than one, which is sufficient

to give a convergent algorithm.

5.2 Accuracy of the Approximate FMP Algorithm

In this section, we show numerical results for the inference errors. On each grid graph, LBP

and the approximate FMP algorithm with two different sets of feedback nodes are performed.
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Figure 5-5: Inference errors of a 10 x 10 grid graph

One set has k = [logn]| feedback nodes while the other has k = y/n feedback nodes. The
feedback nodes are selected by pseudo-FVS algorithm 2 described in Figure 4-3. The z-axis
shows the number of iterations in the message passing steps. The y-axis represents the
average absolute errors of all nodes for both variances and means on a logarithmic scale. We
use “k-FVS” to denote the approximate FMP algorithm with k feedback nodes.

In Figure 5-4 to 5-8, numerical results are shown for 10 x 10, 20 x 20, 40 x 40 and 80 x 80
grids respectively. Except for the case shown in Figure 5-4, direct LBP fails to converge on all
graphs. With k£ = [log n] feedback nodes, the approximate FMP algorithm converges for all
grid graphs and gives much better approximations than LBP in fewer iterations. In Figure

5-4 where LBP converges on the original graph, we obtain much less error for the variances
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Figure 5-7: Inference errors of a 40 x 40 grid graph
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and faster convergence rate using our algorithm. In Figure 5-5 to 5-8, direct LBP does not
give any meaningful results while our algorithm gives inference results with small errors.
When k = /n feedback nodes are used, we obtain even better approximations but with
more computations in each iteration. By performing many more experiments, k = [logn]|
feedback nodes seem to be sufficient to give a convergent algorithm and good approximations.

The complexity of such a method is thus O(nlog® n).

5.3 Choosing a Suitable FVS

In this section, we compare two pseudo-FVS selection algorithms motivated by convergence
and accuracy purposes respectively. These two algorithms are similar in the sense that both
of them favor nodes with larger absolute edge weights. In our simulations, the performances
are also comparable. This may give us an impression that the size of the pseudo-FVS matters
much more than the selection criteria. Actually, numerical results show that the approximate
FMP algorithm does not give satisfactory results if we choose a “bad” pseudo-FVS.

We use both algorithms to choose various numbers of feedback nodes for 20 x 20 and
40 x 40 graphs respectively. In Figure 5-9, we plot the number of different nodes obtained
by the two algorithms. We observe that the algorithms give similar pseudo-FVS, where only
about 10% of the selected nodes are different.

In Figure 5-12 we perform the approximate FMP algorithm with a badly selected pseudo-
FVS. We can see that LBP, 7-FVS and 40-FVS algorithms all fail to converge. In Figure
5-13 the approximate FMP algorithm is performed with a random pseudo-FVS. In this
graphical model, LBP, 7-FVS and 40-FVS algorithms all converge. However, 7-FVS and
40-FVS algorithms give almost the same results as LBP, even though more computations
are involved.

These unsatisfactory performances are neither surprising nor discouraging. Actually they
suggest that when a suitable set of feedback nodes are selected, we indeed take advantages of
the graph structure and model parameters. This is also the high level idea of our algorithm.

As a summary of this chapter, the numerical results seem to suggest that the approximate
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Figure 5-9: Comparison of the two FVS selection algorithms

FMP algorithm with only a small number of well selected feedback nodes can give convergent

and accurate inference results in a tractable way.
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Figure 5-10: The spectral radius and the remaining graph
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Chapter 6

Conclusions

In this thesis we have developed the feedback message passing algorithm where we identify
a set of feedback nodes. The high level idea of the algorithm is to use a special message
passing scheme for the feedback nodes while using standard BP for other nodes. The feedback
message passing algorithm solves inference problems in a Gaussian graphical model in linear
time if the graph has a small FVS. For a graph with a large FVS, the approximate feedback
message passing algorithm can be used instead. By carefully choosing a small number of
feedback nodes, accurate inference results can be obtained efficiently.

In this chapter, we outline the contributions of this thesis and propose future research

directions.

6.1 Contributions

Chapter 3.

We introduced the exact FMP algorithm. A special message update scheme is used for the
feedback nodes while standard BP is used for the non-feedback nodes. There are two rounds
of message passing in the FMP algorithm, where the complexity depends on the number of
feedback nodes.

First we describe the algorithm for the single F'VS case where a single node can break all

7



the cycles in the graph. In this case exact inference results can be obtained in linear time.
We also give a walk-sum analysis of the correctness of the algorithm.

Then we consider the more general case in which the FVS of a graph has multiple nodes.
The complexity for exact inference is O(k*n), where k is the size of the FVS and n is the
size of the graph.

We show that for a class of graphs with small FVS, inference problems can be solved
efficiently by the FMP algorithm. This essentially enlarges the class of graphical models
for which exact inference results can be obtained efficiently—from tree-structured graphs to

graphs with small FVS.

Chapter 4.

Beyond the class of graphs with small FVS, the approximate FMP algorithm can be applied
to graphs with large F'VS. We have discussed two ways of making approximations in Chapter
4.

First we discuss the approximate FMP algorithm with a pseudo-FVS, where a pseudo-
FVS is a subset of an FVS that does not break all the cycles. Compared to the exact FMP
algorithm, the feedback nodes use the same message update scheme, while BP is replaced
by LBP for other nodes.

Then we develop some theoretical results. The approximate algorithm is guaranteed to
converge if the graphical model is walk-summable. When the algorithm converges, the means
obtained by the approximate FMP algorithms capture all necessary walks while the variances
capture all backtracking walks plus non-backtrack walks that visit the pseudo-FVS. Different
pseudo-FVS selection criteria are proposed for convergence purpose and accuracy purpose
based on the theoretical results.

We also briefly introduce the regional FMP algorithm as an alternative way to make

approximations.
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Chapter 5.

In this chapter, we show experimental results for the convergence and accuracy of the ap-
proximate FMP algorithm. We compare the performance of the algorithm with different
pseudo-FVS. The numerical results seem to suggest that with only a small number of well

selected feedback nodes the algorithm can give accurate inference results.

6.2 Future Research

In this section, we propose several future research directions related to the FMP algorithm.

Improving the Accuracy of Variance Estimate

When the exact FMP algorithm becomes intractable with large FVS, approximations must be
made. In this thesis, we have discussed the approximate FMP algorithm with a pseudo-FVS
and the regional FMP algorithm. Though these approximations work well in practice, there
is still much space for improvement. For instance, there may be better criteria to choose a
pseudo-FVS if a tight error bound of variance estimation can be found. In the regional FMP
algorithm, how to decide the influence regions and how to obtain the “thinned” backbone
graph are still open questions.

In addition, we can also propose other approximation schemes, which could be combina-

tions of previous algorithms and FMP based algorithms.

Computing the Partition Function

Besides the marginal distributions and the most likely state, computing the partition function

is another important inference problem for graphical models. For a Gaussian distribution of

1 1
p(x) = 7 eXp{—§XTJX + h'x},

the partition function has a closed form of Z = exp{%nlog(%r) — %log det(J) + %hTJflh}.
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It is not difficult to show that estimating the determinant of the information matrix J
accurately is essential to obtain an accurate estimation of the partition function. In [23]
the authors use an “orbit-product” framework to analyze the determinant approximation
by LBP. It is a natural extension to develop an FMP based algorithm to approximate the
determinant. It is interesting to see whether there are any physical interpretations of this

kind of approximations as well.

Learning Graphs with Small FVS

In practice our observations of real data are often noisy. The internal structure can be
blurred by the noises. A model with simple structure but good generalization power is de-
sirable. Simple structure often suggests efficient inference algorithms. For instance, learning
a graphical model of tree structure has been studied [7]. Inference results in tree-structured
models can be obtained efficiently by BP.

As we mentioned before, the exact FMP algorithm can solve inference problems of graphs
with small FVS efficiently. Thus we have enlarged the class of “simple” models for structure
learning. This raises a natural problem of learning a graph with a small FVS that best
approximates the empirical distribution. More specifically, we can fix the size of the FVS
and learn the best graph structure. Tree-structured graphs can be considered as a special
case of graphs with 0-size F'VS. It is still an open problem how to find the best structure if

the FVS is not known a priori.
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Appendix A

An Example of the FMP Algorithm

A.1 BP on a Chain

In this section, we use an example to illustrate the FMP algorithm. We start with a Markov
chain, whose inference can be solved by BP exactly. Then we add an extra edge between
the first node and the last node on the chain to obtain a single loop of the same size. We
apply the FMP algorithm on this loop and compare the messages in the loop with the BP
messages in the chain.

The chain graph of n nodes is shown in Figure A-1. The model parameters are J and
h. The goal is to compute the mean p; = (J 'h); and variance P; = (J7!); for each
node 7. Running BP on the chain is equivalent to performing forward message passing and
backward message passing simultaneously. We describe the algorithm as follows. For clarity

the message update rules are put into boxes.

1 2 3 n-2 n-1 n

O g O—0O—0O

Figure A-1: A chain graphical model
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Figure A-2: A single loop graphical model

1. Forward Message Passing

e Initialize

where KP = —J; ;1 (Jii + Adip—) ™t

AJlHQ - —Jlgjﬂljlg (Al)
Ahyo = —JiJih (A.2)
e Fori=23....n—1
A‘]i—n'-i-l - KZ‘FJi,i-‘rl (Ag)
Ahz‘—n‘-‘,—l = KZF(hZ + Ahi—l—n‘)y (A4)
where KZF = _Ji,i—i—l(‘]ii + AJi_l_n‘)il.
2. Backward Message Passing
e Initialize
AJn—»n—l = - n,n—lJJnIJn,n—l (A5)
Ahn—mfl = - n,nflt]y;nlhn (AG)
e fort=n—1n—-2...,2
AJi*}ifl - KiBJi,ifl (A?)
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3. Calculating node marginals
Fori=1,2,...,n,
P, = (Ju+AJi1i+ AJi+1—>i)_1 (A9)
pi = Pi(hi+ Al + Ahiyi), (A.10)

where AJy_1, Adpi1—n, Aho_1, Ahyiq1_.p are zeros.

The complexity of the algorithm is O(n). The exact inference results are computed after
the forward message passing step and the backward message passing step. In the two steps,

4(n — 4) messages are updated.

A.2 The FMP Algorithm on a Single Loop

For a single loop with Gaussian parameters, LBP may not converge. Even when it converges,
it gives inaccurate variances. By using the FMP algorithm, exact inference on a loop is almost
as efficient as on a chain. More specifically, only 8(n — 2) messages in total are updated for
a loop of length n, comparing with 4(n — 1) messages in BP on a chain of the same size.

A loop of length n is shown in Figure A-2. Any node on the loop forms a feedback vertex
set by itself, since the removal of any node breaks the loop and leaves a chain. Without loss
of generality, we choose node 1 as the feedback node. The FMP algorithm can be interpreted
as performing two rounds of message passing. Both counterclockwise and clockwise messages

are passed simultaneously in each round.
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1. First Round of Message Passing

(a)

Counterclockwise Message Passing

e Initialize

AJS 5 = —JaJs' Jos (A.11)
Ahg g = —JaJsy'hy (A.12)
Ahy 5 = —JagJsy' Jis (A.13)
e Forv=3,4,....n—1
AJz‘Zz‘H = K{'Jiin (A.14)
AR = Kf(hi+ AL, ) (A.15)
Ah%—»i-{-l = K?Ahzl—l—»ia (A16)
where K = —Jiip1(Ji + AJL, )7
Clockwise Message Passing
e Initialize
ATy = —Tuna Ty Tan (A.17)
AR = —Juna it ha (A.18)
Ah}z—m—l = _Jn,n—ljn_nljln (Alg)
e Fori=n—-1n-2,...,3
AJ£¢_1 = Kiﬁji,i—l (A.20)
Ah;aifl = Kiﬁ(hi + Ahz’ilw’) (A.21)
Ahzl—n'—l = KzﬁAhg—s—l—na (A22)

where K = —J;; 1 (Ju + AJL )T
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(c) Calculating local information
Fori=23,...,n,

Bl = (Ji+AJL L +AT )

1—1

gil = Pizy(Ahil—l—»i_{—Ahil-l—l—w))

where AJy o, Adpy1n, ARi_,, AR}

nt1m AT€ ZEros.

2. Inference at the Feedback Node 1

(A.23)
(A.24)

Just for node 1’s neighbors node 2 and node n, we calculate the corresponding entries

in u7 by

o = Pplhy+Ahy )

pn = Poi(ha+ ARG,

n—1l—n

where PL, AhI , and AhT

- _1_n have been calculated.

Node 1 then compute its own exact variance and exact mean by

Py = (Ji— Jiagy — Jlngrlz)_l

= Pu(hy— Jiopl — Jipl),

where g4 and g} are computed in Step lc.

The feedback node 1 revises the node potentials of its neighbors as

hy = hy— Jio

hn = hn - Jln,ul-

(A.25)
(A.26)

(A.27)
(A.28)

(A.29)
(A.30)

Node 1 also creates a message of its own exact variance P;; and spreads the message

to other nodes. This message can be passed in either clockwise or counterclockwise

direction.
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3. Second Round of Message Passing

(a) Counterclockwise Message Passing

e Initialize

Ahs_z = —JogJ3t ho (A.31)

e For:=3,4,...,n—1,
Ahi_iy1 = K&(hi + Ahi_y_;), (A.32)

where K¢ is the same K as in the first round of message passing.

(b) Counterclockwise Message Passing

e Initialize

Aﬁn—m—l = —dJdnn-1 Jn_nlﬁn (A33)

e Fori=n—1n-2,...,3,

where Kf is the same Kf as in the first round of message passing.

(¢) Calculating the exact means and variances of node in 7°

For:=2,3,...,n,
i = PI(Ahi_i_i+ Ahiig), (A.35)

where Aﬁl_a, Aﬁnﬂ_m are zeros and P”T are calculated in Step lc.
The exact variances can be computed by adding correction terms to P7 .
Fori=2,3,...,n,

Py =P + Pu(g})?, (A.36)

where Pj; has been passed to every node in the loop and g} are computed in Step
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Figure A-3: A graphical model with many loops

lec.

In the whole process of the FMP algorithm, only 8(n — 2) messages are updated and
Ah}

passed locally, which involve AJ; .;, AhL i—; and Aﬁi_,j for neighboring 7 and j.

i
Therefore, the inference problem can be solved efficiently for a single loop. Beyond a single
loop, inference on many other graphs with a single feedback node can be solved by the FMP
algorithm in the same way. For example, node 1 in Figure A-3 is connected to all the other
nodes. Any two nodes in the graph can reach each other within two steps. Although there

are many cycles in the graph, exact inference is still efficient since we can choose node 1 as

the feedback node and run the FMP algorithm similarly.
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