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Abstract— This paper developsprobabilistic methodsfor visual
tracking of a thr ee-dimensional geometric hand model fr om
monocular image sequences.We consider a redundant repre-
sentation in which each model component is described by its
position and orientation in the world coordinate frame. A prior
model is then de�ned which enforces the kinematic constraints
implied by the model's joints. We show that this prior has a
local structur e, and is in fact a pairwise Mark ov random �eld.
Furthermor e, our redundant representation allows color and
edge-basedlik elihood measures,suchasthe Chamfer distance,to
be similarly decomposedin caseswhere there is no self–occlusion.

Given this graphical model of hand kinematics, we may track
the hand's motion using the recently proposed nonparametric
belief propagation (NBP) algorithm. Lik e particle �lters, NBP
approximatesthe posterior distrib ution over hand con�gurations
as a collection of samples. However, NBP uses the graphical
structur e to greatly reducethe dimensionality of thesedistrib u-
tions, providing impr oved robustness.Several methods are used
to impr ove NBP's computational ef�ciency, including a novel
KD-tr eebasedmethod for fast Chamfer distanceevaluation. We
provide simulations showing that NBP may be used to re�ne
inaccurate model initializations, as well as track hand motion
thr ough extendedimage sequences.

I . INTRODUCTION

Accuratevisualdetectionandtrackingof three–dimensional
articulatedobjectsis a challengingproblemwith applications
in human–computerinterfaces, motion capture, and scene
understanding[25]. In this paper, we develop a probabilistic
methodfor trackinga geometrichandmodel from monocular
imagesequences.Becausearticulatedhandmodelshave many
(roughly 26) degreesof freedom,which are only indirectly
related to the observed images,exact representationof the
posteriordistribution over modelcon�gurationsis intractable.
Extendedand unscentedKalman �lters [12,14,19] approx-
imate the posteriorby a single Gaussian,and updatethese
approximationsvia a linearizationof themeasurementprocess.
However, becausemany different hand con�gurations may
approximatelymatcha given image,the trueposterioris often
multimodal,making linear approximationsineffective.

Given the ambiguitiesinherentin visual trackingproblems,
many authorshave considerednonparametricdensity repre-
sentations.For example, particle �lters [6] approximatethe
posteriordistribution by a setof representative elements,and
use Monte Carlo importancesamplingrules to updatethese
particles. However, due to the large number of degreesof
freedomin handtrackingproblems,particle�lters cannothope
to accuratelyrepresentthetrueposterior. Instead,particlestend
to concentratein only a few of the most signi�cant modes,
and the tracker cansuffer catastrophicfailures.This problem

hasmotivatedprevious authorsto considersimpli�ed models
which only allow a limited rangeof object motions [11], as
well as sophisticatedprior models which better predict the
object's dynamics[16,26].

Deterministicnonparametricapproximationsare also pos-
sible, as demonstratedby a recently proposedtree–based
estimator [20] which de�nes a multiscale discretizationof
thestatespace.This approachachievescomputationalsavings
by approximating image likelihoods as piecewise constant
at coarsescalesof the discretization,and only recursively
evaluatingthosecells who's probability is above a prede�ned
threshold.However, this approachis only effective when the
tree structure is constructedusing prior information which
strongly constrainsthe hand's con�guration. If the prior is
uninformative, such pruning rules are very likely to miss
importanthandcon�gurations.

Given the dif�culties in approximatinghigh–dimensional
distributions, someauthorshave proposedreplacingtracking
by classi�cation [1,15], where classescorrespondto some
discretizationof allowablehandcon�gurations.Thesemethods
are most appropriatein applicationssuch as sign language
recognition,where only a small set of posesis of primary
interest.Also, as thesemethodsare basedon precomputed
images of the hand from all possible con�gurations, they
require large amountsof storagespace.A recentlyproposed
methodfor interpolatingbetweenclasses[22] makes no use
of the imagedataduring the interpolation,and thus assumes
that the transition betweenany pair of hand poseclassesis
highly predictable.

An alternative way to addressthe high dimensionalityof
articulatedtracking problemsis to identify statistical struc-
ture within the posterior distribution. This structurecan be
describedusing a graphical model, or Bayesian network.
Graphicalmodelshave beenusedto track view–basedhuman
body representations[13], contourmodelsof restrictedhand
con�gurations [4], view–based2.5D “cardboard” modelsof
hands and people [24], and a full 3D kinematic human
body model [17]. Becausethe variables in thesegraphical
models are continuous,and discretizationis intractable for
three–dimensionalmodels,mosttraditionalgraphicalinference
algorithmsare inapplicable.Instead,thesetrackers are based
on recentlyproposedextensionsof particle �lters to general
graphs:mean�eld Monte Carlo in [24], and nonparametric
belief propagation (NBP) [8,21] in [17].

In this paper, we show that NBP may be usedto track a
three–dimensionalgeometricmodel of the hand. To derive
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Fig. 1. Projectededges(top row) and silhouettes(bottom row) for two con�gurations (left and right blocks) of the 3D structuralhand model. To aid
visualization,the model joint anglesareset to matchthe images(left), andthenalsoprojectedfollowing rotationsby 35� (center)and70� (right) aboutthe
vertical axis.

a graphicalmodel for the tracking problem, we considera
redundantlocal representationin which each hand compo-
nent is describedby its own three–dimensionalposition and
orientation.We show that the model's kinematicconstraints,
including self–intersectionconstraintsnot capturedby joint
anglerepresentations,take a simple form in this local repre-
sentation.Furthermore,in caseswheremodelcomponentsdo
not signi�cantly occludeeachother, standardedgeand color
basedlikelihoodmeasuresmay be similarly decomposed.We
describethe implementationof NBP on this model,aswell as
severalmethodsfor improving computationalef�ciency. These
include a novel method for fast orientation–basedChamfer
distanceevaluation using KD–trees [2]. We concludewith
simulationsdemonstratingthat NBP can re�ne noisy initial-
izations in single frames,as well as track handmotion over
two extendedsequences.

I I . GEOMETRIC HAND MODELING

A. Structural Model

Structurally, thehandis composedof sixteenapproximately
rigid components:threephalangesor links for each�nger and
thumb, as well as the palm [25]. As proposedby [14,19],
we modeleachrigid body by oneor moretruncatedquadrics
(ellipsoids,cones,andcylinders).Thesegeometricprimitives
are well matched to the true geometry of the hand, and
in contrastto 2.5–dimensional“cardboard” models [24,26],
allow trackingfrom arbitraryviewing orientations.In addition,
becausethe perspective projection of a quadric surface is a
conic, one can ef�ciently determinethe image points lying
on the boundaryor silhouetteof the projectionof any three–
dimensionalmodelcon�guration [3,19].

Figure1 shows the edgesandsilhouettescorrespondingto
two differentcon�gurationsof thehandmodel,eachof which
is seenfrom threedifferentviewpoints.Becauseour model is
designedfor estimation,not visualization,precisemodelingof
all partsof the hand is unnecessary. As our tracking results
demonstrate,it is suf�cient to capturethe coarsestructural

featureswhich are most relevant to the observation model
describedin Sec.III. Notealsothatwe do not considermodel
self–occlusionwhen �nding edges.SeeSec.III-A for further
discussionof this approximation.

B. KinematicModel

The kinematic constraintsbetweendifferent hand model
componentsare well describedby revolute joints [25]. Fig-
ure 2(a) shows a graphdescribingthis kinematicstructure,in
which nodescorrespondto rigid bodiesand edgesto joints.
The two joints connectingthe phalangesof each�nger and
thumb have a single rotationaldegreeof freedom,while the
joints connectingthebaseof each�nger to thepalmhave two
degreesof freedom(correspondingto graspingandspreading
motions).Thus, twenty joint anglesare requiredto describe
the relative positionsof all handparts.

The full con�guration of the hand is describedby these
anglesalong with the palm's global position and orientation,
giving a total of 26 degreesof freedom.Given image mea-
surements,calculationof a model con�guration's likelihood
generallyrequiresthe global positionandorientationof each
component.This forward kinematicsproblemis easilysolved
via a seriesof transformationsderived from the position and
orientationof eachjoint axis, along with the corresponding
joint angles(see,for example,[12] for details).

C. RedundantLocal StateRepresentation

Most model–basedhand trackers parameterizethe model
state in terms of the twenty joint anglesdescribedabove,
along with the palm's global position and orientation. In
this paper, we insteadexplore a redundantrepresentationin
which the i th rigid body is describedby its position qi and
orientationr i (a unit quaternion).Let x i = (qi ; r i ) denotethis
local descriptionof eachhandcomponent's con�guration,and
x = f x1; : : : ; x16g the con�guration of the entirehand.

Clearly, there are dependenciesamongthe elementsof x
implied by the kinematicconstraints.Let EK be the setof all
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(a) (b)

Fig. 2. Graphsdescribingthe hand model's physical constraints,where
nodescorrespondto different hand components.(a) Kinematic constraints
correspondingto the revolute joints between neighboring components.
(b) Structuralconstraintswhich prevent the intersectionof handcomponents
in three–dimensionalspace.

pairsof rigid bodieswhich areconnectedby joints, or equiv-
alently theedgesin thekinematicgraphof Fig. 2(a).For each
joint (i; j ) 2 EK , de�ne an indicator function  K

i;j (x i ; x j )
which is equal to one if the pair (x i ; x j ) are valid rigid
bodycon�gurationsassociatedwith somesettingof theangles
of joint (i; j ), and zero otherwise.Viewing the component
con�gurations x i as random variables to be estimated,the
following prior modelexplicitly enforcesall of theconstraints
implied by the original joint anglerepresentation:

pK (x) /
Y

( i;j )2E K

 K
i;j (x i ; x j ) (1)

The structure of eq. (1) shows that pK (x) is a graphical
model (in particular, a pairwise Markov random�eld). The
graph describing the kinematic structure (Fig. 2(a)) is the
sameasthe graphdescribingthe Markov structureof pK (x).
Intuitively, this graph expressesthe fact that conditionedon
the con�guration of the palm, the positionand orientationof
each�nger is describedby an independentsetof joint angles,
and is thusstatisticallyindependent.

At �rst glance, the local representationdescribedin this
section may seemunattractive: the state dimensionhas in-
creasedfrom 26 to 96, and inferencealgorithmsmust now
explicitly dealwith the prior constraintsdescribedby pK (x).
However, aswe show in thefollowing sections,local encoding
of themodelstategreatlysimpli�es many otheraspectsof the
trackingproblem.

D. Structural Constraints

In reality, the joint anglesdescribinghandcon�guration are
not independentbecausedifferent �ngers can never occupy
the samephysical volume.The constraintsthat this placeson
joint anglesare a complex function of the hand's geometry,
and are dif�cult to expresscompactly. However, in the local
representationof the previous section, thesestructural con-
straints take a simple form: the position and orientationof

t t+1

Fig. 3. Graphicalmodelof thedynamicsrelatingtwo consecutive time steps.
For clarity, edgescorrespondingto structuralpotentialsarenot shown.

every pair of rigid bodiesmust be suchthat their component
quadricsurfacesdo not intersect.

For computationalef�ciency, our tracking algorithm ap-
proximatesthis ideal constraintin two ways. First, we only
explicitly constrainthosepairsof rigid bodieswhich aremost
likely to intersect,correspondingto theedgesES of thegraph
in Fig. 2(b). Furthermore,becausethe relative orientation
of each �nger' s quadrics is implicitly constrainedby the
kinematicprior pK (x), wemaydetectmostintersectionsbased
on the distancebetweenobjectcentroids:

 S
i;j (x i ; x j ) =

�
1 jjqi � qj jj > � i;j

0 otherwise
(2)

Here,� i;j is a thresholddeterminedfrom theradii of thecones
or cylindersde�ning rigid bodiesi andj . As for thekinematic
constraints,we de�ne a prior model which ensuresthat the
structuralconstraintsarenot violated:

pS (x) /
Y

( i;j )2E S

 S
i;j (x i ; x j ) (3)

We have found this constraintto be importantin our simula-
tions to prevent different �ngers from attemptingto track the
sameimagedata.

E. Temporal Constraints

Thusfar, our discussionhasfocusedon thehandconstraints
presentat a singlepoint in time. In orderto trackhandmotion,
we must have somemodel of the hand's dynamics.Let x t;i

denotethepositionandorientationof the i th handcomponent
at time t, and x t = f x t; 1; : : : ; x t; 16g. For eachcomponent
at time t, our dynamical model adds a Gaussianpotential
connectingit to the correspondingcomponentat the previous
time step:

pT (x t j x t � 1) =
16Y

i =1

N (x t � 1;i � x t;i ; 0; � i ) (4)

A graphicalrepresentationof thesepotentialsis givenin Fig. 3.
Although this temporal model is factorized, the kinematic
constraintsat the following time step implicitly couple the
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(a) (b)

Fig. 4. Imageevidenceusedfor tracking.(a) Intensityedgesdetectedby a
thresholdedgradientoperator. (b) Likelihoodratiosat eachpixel for a color–
basedskin detector.

correspondingrandomwalks.Thesedynamicscanbe justi�ed
as the maximum entropy model given observations of the
nodes'marginal variances� i .

I I I . OBSERVATION MODEL

Our hand tracking systemis basedon a set of ef�ciently
computededgeand color cues.For notationalsimplicity, we
focuson a singlevideoframefor theremainderof this section.

A. Edge Matching Using the ChamferDistance

As a hand is moved in front of a camera,it obscuresthe
backgroundsceneand thus tendsto produceintensity edges
alongthe boundariesof its projectionin the imageplane(see
Fig. 4(a)).This edgecueis usedby virtually all model–based
handtrackingsystems[11,14,19,20,24,26]. Following [20],
weusetheChamferdistanceto measurediscrepanciesbetween
projectedmodeledgesand imageedgesdetectedby a simple
gradientoperator. To improve accuracy, we measuredistance
in termsof both edgepositionandorientation.

Let �( x) denote the set of edges in the projection of
three–dimensionalmodelcon�gurationx, and�( y) theoutput
of an edgedetectoron the image y. The Chamferdistance
dE (�( x); �( y)) is thengiven by

d2
E (�( x); �( y)) =

X

u2 �( x )

�
min

v2 �( y )
g2(u; v)

�
(5)

Here, g(u; v) determinesthe metric by which errors in edge
matchesare measured.Letting u = (up; u� ) denote the
positionup andorientationu� of edgeu, we de�ne

g2(u; v) = min
�

jjup � vp jj2

� 2 + d2
� (u� ; v� ); g0

�
(6)

whered� (u� ; v� ) measuresabsolutedifferencesin orientation
modulo � , and g0 addsrobustnessto edgedetectionfailures.
Finally, we associatethis distancewith a likelihood function
as follows:

pE (yjx) / exp
�

� � E d2
E (�( x); �( y))

	
(7)

For a discussionof the generative model underlying this
likelihoodfunction, see[23].

B. SilhouetteMatching Using SkinColor Statistics

Skin colored pixels are well known to have predictable
statistics [9], and thus provide a powerful cue for hand
tracking.We model the color distribution pskin of skin pixels
by a singleGaussianin RGB space,with meanandcovariance
estimatedfrom hand–selectedtrainingpatches.Weassumethat
non–skinpixels have a uniform color distribution pbkgd .

Let 
( x) denote the set of pixels in the silhouette of
projected hand model con�guration x, and � the set of
all image pixels. Assuming each pixel is independent,the
likelihoodof an imagey is

pC (yjx) =
Y

u2 
( x )

pskin (u)
Y

v2 � n
( x )

pbkgd (v)

/
Y

u2 
( x )

pskin (u)
pbkgd (u)

(8)

Thesecondequationfollows by neglectingtheproportionality
constant

Q
v2 � pbkgd (v), which is independentof x [4]. Note

that we must only evaluate the likelihood ratio over the
silhouetteregion 
( x). Figure4(b)plotstheselikelihoodratios
for a samplehandimage.

C. Local Decompositionof Likelihoods

Supposethat the hand model is in a three–dimensional
con�gurationfor which thereis no self–occlusion.In this case,
eachhandcomponentwill project to a disjoint subsetof the
imagepixels, and the Chamferdistance(eq. (5)) decomposes
as

d2
E (�( x); �( y)) =

16X

i =1

d2
E (�( x i ); �( y)) (9)

This in turn implies that the edge–basedlikelihood (eq. (7))
factorizesinto a productof termswhich provide independent,
local evidencefor eachcomponent:

pE (yjx) /
16Y

i =1

pE (yjx i ) (10)

Similarly, the skin color likelihood(eq. (8)) decomposesas

pC (yjx) /
16Y

i =1

pC (yjx i ) (11)

Note that this statisticaldecompositiondoesnot hold for the
original joint anglerepresentation,andis heavily dependenton
our choiceof a staterepresentationin which the relationship
betweenmodelparametersand imagecoordinatesis local.

In caseswherethereis self–occlusion,the local decomposi-
tion of eq.(10,11) will not hold.Nevertheless,we believe that
this decompositionwill often provide a good approximation.
In particular, becauseocclusionreasoningcanonly reducethe
numberof projectedmodeledges,the local decompositionof
eq. (10) will alwaysprovide an upperboundon the true edge
likelihoodpE (yjx).
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D. Fast LikelihoodComputation

Becausethe nonparametricbelief propagation algorithm
proposedin this paper must evaluate many different hy-
pothesesfor eachmodel component,it is important that the
evaluations of our likelihood functions be computationally
ef�cient. For the skin color term (eq. (8)), we precomputethe
cumulative sumof the log likelihoodratiosalongeachrow of
pixels. We may then quickly integratethe likelihood of each
hypothesizedsilhouetteregion, given only the boundariesof
that silhouette.

For the Chamferdistance,our inclusion of orientationin-
formationmakesit dif�cult to usestandarddistancetransform
methods.We insteaduseKD–trees[2] to exploit thegeometric
structureunderlyingour detectededges.For low–dimensional
collectionsof points,KD–treesmaybeef�ciently constructed,
and thenusedto �nd nearestneighborsin logarithmic time.

Given a set of detectededges,we precomputea KD–tree
representationof the three–dimensionalvectorscorresponding
to eachedge's position and orientation.To accountfor the
fact that orientation distancemust be measuredmodulo � ,
we also include a second, appropriately rotated copy of
eachpoint. Then,for eachhypothesizedmodelcon�guration,
the minimization step of the Chamferdistancecomputation
(eq. (5)) can be performed via ef�cient nearest–neighbor
search in the KD–tree. Using KD–trees, we achieve very
fast Chamferdistancecomputationwithout requiring excess
storageor suffering from discretizationartifacts.

IV. NONPARAMETRIC BELIEF PROPAGATION

A. Graphical Modelsand Belief Propagation

In the previous sections,we have shown that a redundant,
local representationof the geometrichandmodel's con�gura-
tion x t allows p(x t j yt ), theposteriordistribution of thehand
modelat time t given imageobservationsyt , to be written as

p(x t jyt ) / pK (x t )pS (x t )

"
16Y

i =1

pE (yt jx t;i )pC (yt jx t;i )

#

(12)

wherepK (x t ) and pS (x t ) are kinematicand structuralprior
modelscorrespondingto thegraphsof Fig. 2. This expression
is exact when there is no self–occlusion,and a potentially
useful approximationmore generally. When T video frames
areobserved, the overall posteriordistribution is given by

p(x j y) /
TY

t =1

p(x t j yt ) pT (x t j x t � 1) (13)

Equation(13) is an example of a pairwise Markov random
�eld, which canmoregenerallybe written as

p(xjy) /
Y

( i;j )2E

 i;j (x i ; x j )
Y

i 2V

 i (x i ; y) (14)

Here, V is a set of nodes, correspondingto the sixteen
componentsof the hand model at eachtime step, and E is
a setof edgesspecifyingtheir statisticaldependencies.

Given our analysis,handtrackingcanbe seenasa special
exampleof inferencein a graphicalmodel. In this paper, we

consider belief propagation (BP) [27], a method for solv-
ing inferenceproblemsvia local message–passing.At each
iteration of the BP algorithm, somenode i 2 V calculates
a messagem ij (x j ) to be sent to some neighboring node
j 2 �( i ) , f j j (i; j ) 2 Eg:

mn
ij (x j ) = �

Z

x i

 j ;i (x j ; x i )  i (x i ; y)

�
Y

k2 �( i )nj

mn � 1
k i (x i ) dxi (15)

Here, � denotesan arbitraryproportionalityconstant.At any
iteration,eachnodecanproduceanapproximation̂p(x i j y) to
themarginal distribution p(x i j y) by combiningtheincoming
messageswith the local observation:

p̂n (x i j y) = �  i (x i ; yi )
Y

j 2 �( i )

mn
j i (x i ) (16)

For tree–structuredgraphs, the approximatemarginals, or
beliefs,p̂n (x i j y) will convergeto thetruemarginalsp(x i j y)
oncethe messagesfrom eachnodehave propagatedto every
othernodein the graph.On graphswith cycles, the marginal
distributionsestimatedby BP areonly approximate,but these
approximationsareoften highly accurate[27].

B. NonparametricRepresentations

For the hand tracking problem, the variablesx i take on
continuousvalues.Becauseaccuratediscretizationof the six
degreesof freedomat eachnode is intractable,and the BP
messageupdate(eq.(15)) hasnoclosedform for thepotentials
underlying hand tracking, exact implementationof BP is
infeasible.Instead,we explore nonparametric,particle–based
approximationsto these messagesusing the nonparametric
belief propagation (NBP) algorithm[21].

In NBP, eachmessageis representedusingeithera sample–
baseddensityestimate(a mixtureof Gaussians)or ananalytic
function.Both typesof messagesareneededfor handtracking,
as we discussbelow. Each NBP messageupdate involves
two stages:samplingfrom the estimatedmarginal, followed
by Monte Carlo approximationof the outgoingmessage.For
the generalform of theseupdates,see[21]. In the following
sections,wegiveahigh–level overview focusingon theunique
featuresof the handtrackingapplication.

The hand tracking application is complicatedby the fact
that the orientation componentr i of x i = (qi ; r i ) is an
elementof the rotation group SO(3). Following [5,17], we
representorientations as unit quaternions,and use a lin-
earizedapproximationwhen constructingdensity estimates.
Any sampledorientationsmaybeprojectedbackto SO(3) by
normalizingthe correspondingfour–dimensionalvector. This
approximationis most appropriatefor densitieswith tightly
concentratedrotationalcomponents.

C. Marginal Computation

From eq. (16), we see that the BP estimateof the local
marginal distribution p̂(x i j y) is equal to the productof the
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Given input messagesm j i (x i ) from kinematic neighbors� K (i ),
structuralneighbors� S (i ), and temporalneighbors� T (i ):

1) Draw M independentsamplesf x ( ` )
i gM

` =1 from the product

x ( ` )
i �

Y

j 2 � T ( i )

m j i (x i )
Y

k 2 � K ( i )

mk i (x i )

using the multiscalesamplingmethodsof [7].
2) For eachx ( ` )

i = (q( ` )
i ; r ( ` )

i ), normalizethe orientationr ( ` )
i .

3) Computean importanceweight for eachsamplex ( ` )
i :

w( ` )
i / pE (yjx ( ` )

i )pC (yjx ( ` )
i )

Y

j 2 � S ( i )

m j i (x
( ` )
i )

4) Use a bandwidthselectionmethod(see[18]) to constructa
kerneldensityestimatep̂(x i j y) from f x ( ` )

i ; w( ` )
i gM

` =1 .

Alg. 1. NBP updateof the estimatedmarginal distribution p̂(x i j y).

incomingmessagesfrom neighboringnodeswith the local ob-
servation potential.Like particle�lters, NBP usesimportance
samplingto approximatethis product.As we describein the
following section,our NBP hand tracker employs Gaussian
mixtures for somemessages(along kinematic and temporal
edges),and analytic functions for others (structural edges).
TheimagelikelihoodpE (yjx i )pC (yjx i ) is ananalyticfunction
which can be ef�ciently evaluatedat any candidatex i using
the methodsof Sec.III-D.

The importancesamplingupdateof the marginal estimate
p̂(x i j y) is summarizedin Alg. 1. First,M samplesf x ( ` )

i gM
` =1

are drawn directly from the product of the kinematic and
temporalGaussianmixture messages.Note that this sampling
problemis nontrivial: given d mixturesof M Gaussians,their
productis a mixtureof M d Gaussians.However, in this paper
we use a recently proposedmultiscale Gibbs sampler [7]
to ef�ciently draw accurate,albeit approximate,samples.
Following normalizationof the rotational component,each
samplex ( ` )

i is assigneda weight w( ` )
i equal to the product

of the color and edge likelihoodswith any messagesalong
structuraledges.Finally, thecomputationallyef�cient “rule of
thumb” heuristic[18] is usedto setthebandwidthof Gaussian
smoothingkernelsplacedaroundeachsample,producingan
estimateof the desiredmarginal distribution.

The previous procedureassumesthat at least one of the
incoming messagesis a Gaussianmixture. For the hand
tracker, this is true except for the initial messageupdateson
the �rst frame,when the only incoming messageis the local
analytic likelihood function. For the simulationspresentedin
this paper, we initialized the tracker by hand–specifyinga
high varianceGaussianproposaldistribution centeredroughly
aroundthe true startinghandcon�guration. In the future, we
hopeto replacethis manualinitialization by automaticimage–
basedfeaturedetectors.

D. Message Propagation and Scheduling

To derive themessagepropagationrule,assuggestedby [10]
we rewrite the messageupdateequation(15) in termsof the

Given M weightedsamplesf x ( ` )
i ; w( ` )

i gM
` =1 from p̂(x i j y), andthe

incomingmessagem j i (x i ) usedto constructp̂(x i j y):

1) Reweight eachsamplex ( ` )
i as �w( ` )

i / w( ` )
i =mj i (x

( ` )
i ).

K INEMATIC EDGES:
2) Draw M samplesf �x ( ` )

i gM
` =1 with replacementfrom the dis-

cretedistribution de�ned by the weightsf �w( ` )
i gM

` =1 .
3) For each�x ( ` )

i , sampleuniformly from theallowableanglesfor
joint (i; j ). Determinex ( ` )

j via forward kinematics.
4) Usea bandwidthselectionmethodto constructa kerneldensity

estimatem ij (x j ) from the unweightedsamplesf x ( ` )
j gM

` =1 .
TEMPORAL EDGES:

2) Construct a kernel density estimatem ij (x j ) with centers
f x ( ` )

i gM
` =1 , weightsf �w( ` )

i gM
` =1 , anduniform bandwidths� i .

STRUCTURAL EDGES:
2) For any x j = (qj ; r j ), let L = f ` j jj q( ` )

i � qj jj > � i;j g.
3) Calculatem ij (x j ) =

P
` 2L �w( ` )

i .

Alg. 2. NBP updateof thenonparametricmessagem ij (x j ) sentfrom node
i to nodej as in eq. (17), for eachof the threepotentialtypes.

marginal distribution p̂(x i j y):

mn
ij (x j ) = �

Z

x i

 j ;i (x j ; x i )
p̂n � 1(x i j y)

mn � 1
j i (x i )

dxi (17)

Our explicit useof thecurrentmarginal estimatep̂n � 1(x i j y)
helps focus the Monte Carlo approximation on the most
importantregionsof the statespace.

Consider �rst the casewhere (i; j ) 2 EK , so that  K
j ;i

correspondsto a kinematic constraint.The messageprop-
agation step makes direct use of the particles f x ( ` )

i gM
` =1

sampledduring the last marginal estimate.We reweight each
particle x ( ` )

i by 1=mj i (x
( ` )
i ), and then resampleto get M

unweightedparticles f �x ( ` )
i gM

` =1 (seeAlg. 2). We must then
samplecandidatex j con�gurations from the conditionaldis-
tribution  K

j ;i (x j ; �x ( ` )
i ). Because K

j ;i is an indicatorpotential,
this samplinghasa particularly appealingform: �rst sample
uniformly amongallowablejoint angles,andthenuseforward
kinmaticsto �nd the x ( ` )

j correspondingto each�x ( ` )
i . Finally,

the “rule of thumb” bandwidthselectionmethod[18] is used
to constructthe outgoingGaussianmixture message.

Becausethe temporal constraintpotentialsare Gaussian,
the sampling associatedwith kinematic messageupdatesis
unnecessary. Instead,as suggestedby [8], we simply adjust
the bandwidthsof the currentmarginal estimatep̂(x i j y) to
match the temporalcovariance� i (seeAlg. 2). This update
implicitly assumesthat the bandwidthof p̂(x i j y) is much
smallerthan � i , which will hold for suf�ciently large M .

For structuralconstraintedgesES , a different approachis
needed.In particular, from eq. (2) we seethat the pairwise
potentialis onefor all statecon�gurationsoutsidesomeball,
and thereforethe outgoingmessagewill not be �nitely inte-
grable.For structuraledges,messagesmustthentake theform
of analytic functions.In principle, at somepoint x j the mes-
sagem ij (x j ) shouldequalthe integral of p̂(x i j y) =mj i (x i )
over all con�gurations outsidesomeball centeredat qj . We
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Fig. 5. Schedulingof the kinematicconstraintmessageupdatesfor NBP:
messagesare �rst passedfrom �ngertips to the palm, and then back to the
�ngertips. Structuralconstraintmessages(not shown) areupdatedasneeded.

approximatethis quantity by the sum of the weights of all
kernelsin p̂(x i j y) outsidethat ball (seeAlg. 2).

For NBP, the messageupdateordereffects the outcomeof
eachlocalMonteCarloapproximation,andmaythuseffect the
quality of the �nal marginal estimates.Given a single frame,
we iteratethetree–basedmessagescheduleof Fig. 5, in which
messagesarepassedfrom �ngertips to thepalm,andthenback
to the �ngertips. The structuralmessages,which for clarity
are not shown, are also updatedwhenever the sourcenode's
belief changes.For video,we processthe framesin sequence,
updatingthe temporalmessagesto the next frame following
a �x ed numberof kinematic messagesweeps.However, the
tracker could be easily extendedto incorporateinformation
from future video framesusingreverse–timemessages.

E. RelatedWork

The NBP algorithmhasalsorecentlybeenusedto develop
a three–dimensionalpersontracker [17]. However, this person
tracker usesa “loose–limbed” formulation of the kinematic
constraintswhichdifferssigni�cantly from ourhandtracker. In
particular, the loose–limbedtracker representsthe conditional
distribution of each limb's location given its neighbor via
a Gaussianmixture estimatedfrom training data. For each
joint, thetwo neededconditionaldensities(for example,upper
arm given lower arm and lower arm given upper arm) are
learned independently. In general, however, there may be
no pairwise clique potential which is consistentwith these
conditionals.Thus, theremay be no globally consistentgen-
erative model underlying their results,making the standard
theoretical justi�cations of belief propagation inapplicable.
The two–dimensionaltrackingresultsof [8,24] arealsobased
on explicit (andsometimesinconsistent)relaxationsof thetrue
kinematicconstraints.

In contrast, we have shown that an NBP tracker may
be built around the local structure of the true kinematic
constraints.Conceptually, this hasthe advantageof providing
a clearlyspeci�ed,globally consistentgenerative modelwhose
propertiescanbeanalyzed.Practically, our formulationavoids
the needto explicitly approximatethe kinematicconstraints,
and allows us to build a functional tracker without the need
for training data.

V. SIMULATIONS

In this section,we examine the empirical performanceof
the NBP hand tracker. All results are basedon 720 � 480
images(or video sequences)recordedby a calibratedcamera.
The physical dimensionsof the quadricscomposingthe hand
modelweremeasuredof�ine. All messageswere represented
by M = 200 particles, and the result �gures show the
projectionsof the �nal densityestimates'� ve largestmodes.

A. Re�nementof Coarse Initializations

Given a single image,NBP may be usedto progressively
re�ne a coarse,user–suppliedinitialization into an accurate
estimationof the hand's con�guration. SeeFig. 6 for two ex-
amplesof sucha re�nement.In thesecondexample,notethat
theinitial �nger positionsarenot only misaligned,but theuser
hassuppliedno informationaboutthe graspingcon�guration
of thehand.By the fourth NBP iteration,however, thesystem
hasalignedall of the joints properly. In both images,a poorly
alignedpalm is eventuallyattractedto the properlocationby
well–�t �ngers. For theseexamples,each NBP iteration (a
completeupdateof all messagesin the graph)requiresabout
1 minuteon a PentiumIV workstation.

B. Temporal Tracking

Two video sequencesdemonstratingthe NBP handtracker
are available at http://ssg.mit.edu/nbp/ . Total compu-
tation time for eachvideo sequence,including all likelihood
calculations,is approximately4 minutesper frame.The �rst
shows the hand rigidly moving in three–dimensionalspace.
The extrema of this motion are shown in Fig. 7. The NBP
estimatesclosely track the hand throughout the sequence,
but are noisiestwhen the �ngers point towards the camera
becausethe sharp projection angle reducesthe amount of
imageevidence.Note,however, thattheestimatesquickly lock
back onto the true handcon�guration when the handrotates
away from the camera.

The secondvideo sequenceexercises the hand model's
joints,containingbothindividual �nger motionsandcombined
graspingmotions(seeFig. 8). Our modelsupportsall of these
degreesof freedom,and maintainsaccurateestimateseven
whenthering �nger is partially occludedby themiddle �nger
(bottomrow of Fig. 8). This robustnessto moderateocclusions
comesfrom our use of structuralpotentialsto prevent self–
intersection,and is only reliable when the hand's motion is
well predictedby the dynamicalmodel.

VI . DISCUSSION

We have demonstratedthatthegeometricmodelscommonly
usedfor hand tracking naturally have a graphicalstructure,
and exploited this fact to build an effective hand tracking
algorithm using nonparametricbelief propagation. We are
currently investigating more challenging test sequences,as
well as a rigorous comparisonof our algorithm to existing
methods.Preliminary results indicate that accuratetracking
through signi�cant self–occlusionwill require a more so-
phisticatedlocal likelihood approximation,as well as richer
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0 1 2 4

Fig. 6. Two examplesof re�nement of a coarsehand model initialization using NBP. We show resultsfollowing 1, 2, and 4 iterationsof the message
schedulein Fig. 5. Plotsshow the projectionsof the mostsigni�cant marginal modes.

Fig. 7. Four framesshowing extremaof a hand's rigid motion, and the positionestimatesproducedby the NBP tracker.

dynamical models. In addition, we hope to use local hand
featuredetectorsto improve our method's robustness.

ACKNOWLEDGMENTS

TheauthorsthankC. Mario ChristoudiasandMichaelSira-
cusafor their help with video datacollection.We would also
like to thank Michael Black, AlexanderIhler, Michael Isard,
andLeonid Sigal for helpful conversations.This researchwas
supportedin part by AFOSRGrantF49620-00-1-0362.

REFERENCES

[1] V. AthitsosandS. Sclaroff, “Estimating3D handposefrom a cluttered
image,” in CVPR, vol. 2, 2003,pp. 432–439.

[2] J. L. Bentley, “Multidimensionalbinarysearchtreesusedfor associative
searching,” Comm.ACM, vol. 18, no. 9, pp. 509–517,Sept.1975.

[3] J. Blinn, “The algebraicpropertiesof second–ordersurfaces,” in Intro-
duction to Implicit Surfaces, J. Bloomenthal,Ed. Morgan Kaufmann,
1997,pp. 52–97.

[4] J. M. Coughlanand S. J. Ferreira,“Finding deformableshapesusing
loopy belief propagation,” in ECCV, vol. 3, 2002,pp. 453–468.

[5] J. Deutscher, M. Isard, and J. MacCormick, “Automatic cameracali-
bration from a single Manhattanimage,” in ECCV, vol. 4, 2002, pp.
161–174.

[6] A. Doucet,N. deFreitas,andN. Gordon,Eds.,SequentialMonteCarlo
Methodsin Practice. New York: Springer-Verlag,2001.

[7] A. T. Ihler, E. B. Sudderth,W. T. Freeman,andA. S. Willsky, “Ef�cient
multiscale sampling from products of Gaussianmixtures,” in NIPS,
2003.

[8] M. Isard, “PAMPAS: Real–valued graphicalmodels for computervi-
sion,” in CVPR, vol. 1, 2003,pp. 613–620.

[9] M. J. Jonesand J. M. Rehg,“Statistical color modelswith application
to skin detection,” IJCV, vol. 46, no. 1, pp. 81–96,2002.

[10] D. Koller, U. Lerner, andD. Angelov, “A generalalgorithmfor approx-
imate inferenceand its applicationto hybrid Bayesnets,” in UAI 15,
1999,pp. 324–333.

[11] J. MacCormickandM. Isard,“Partitionedsampling,articulatedobjects,
and interface–qualityhandtracking,” in ECCV, vol. 2, 2000,pp. 3–19.

[12] I. Mikic, M. Trivedi, E. Hunter, and P. Cosman,“Human body model
acquisitionand tracking using voxel data,” IJCV, vol. 53, no. 3, pp.
199–223,2003.

[13] D. RamananandD. A. Forsyth,“Finding andtrackingpeoplefrom the
bottomup,” in CVPR, vol. 2, 2003,pp. 467–474.

[14] J. M. RehgandT. Kanade,“DigitEyes: Vision–basedhandtrackingfor
human–computerinteraction,” in Proc. IEEE Workshopon Non–Rigid
and ArticulatedObjects, 1994.

[15] G. Shakhnarovich, P. Viola, and T. Darrell, “Fast poseestimationwith
parametersensitive hashing,” in ICCV, 2003,pp. 750–757.

[16] H. Sidenbladh,M. J. Black, andL. Sigal, “Implicit probabilisticmodels
of humanmotion for synthesisand tracking,” in ECCV, vol. 1, 2002,
pp. 784–800.

[17] L. Sigal, M. Isard, B. H. Sigelman, and M. J. Black, “Attractive
people: Assemblingloose–limbedmodels using nonparametricbelief
propagation,” in NIPS, 2003.

[18] B. W. Silverman,DensityEstimationfor Statisticsand Data Analysis.
London:Chapman& Hall, 1986.

[19] B. Stenger, P. R. S. Mendonca,and R. Cipolla, “Model–based3D
trackingof an articulatedhand,” in CVPR, vol. 2, 2001,pp. 310–315.

[20] B. Stenger, A. Thayananthan,P. H. S. Torr, and R. Cipolla, “Filtering
usinga tree–basedestimator,” in ICCV, 2003,pp. 1063–1070.

[21] E. B. Sudderth, A. T. Ihler, W. T. Freeman,and A. S. Willsky,
“Nonparametricbelief propagation,” in CVPR, vol. 1, 2003, pp. 605–
612.

8



Fig. 8. Eight framesfrom a tracking sequencein which the handmakes graspingmotionsand individual �nger movements.Note that the ring �nger is
accuratelytracked even througha partial occlusionby the middle �nger (bottomrow).

[22] C. Tomasi,S. Petrov, and A. Sastry, “3D Tracking = Classi�cation +
Interpolation,” in ICCV, 2003,pp. 1441–1448.

[23] K. Toyama and A. Blake, “Probabilistic tracking with exemplarsin a
metric space,” IJCV, vol. 48, no. 1, pp. 9–19,2002.

[24] Y. Wu, G. Hua, and T. Yu, “Tracking articulatedbody by dynamic
Markov network,” in ICCV, 2003,pp. 1094–1101.

[25] Y. Wu and T. S. Huang, “Hand modeling,analysis,and recognition,”
IEEE SignalProc. Mag., pp. 51–60,May 2001.

[26] Y. Wu, J.Y. Lin, andT. S.Huang,“Capturingnaturalhandarticulation,”
in ICCV, 2001.

[27] J. S. Yedidia,W. T. Freeman,and Y. Weiss,“Constructingfree energy
approximationsand generalizedbelief propagation algorithms,” MERL
TR2002-35.

9


