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ABSTRACT Approximate mean estimates can be computed Wi(N )

. . S complexity for sparse graphs by iterative solvers such as co
We consider the problem of variance estimation in largdesca . piexity P grap y

. radients or multigri hni . However
Gauss-Markov random eld (GMRF) models. While approx-Jugateg adients o utg dtechniques rloweve (.:ODdE" .
. . . . means are most useful if the con dence in the estimates (i.e.
imate mean estimates can be obtained ef ciently for sparse_ . .
Variance) is also known.

GMRFs of very large size, computing the variances is a chal- Variances can be computed by more ef cient versions of

lenging problem. We propose a simple rank-reduced metho&iaus,sian elimination (based on junction trees) which ta&e t

which exploits the graph structure and the correlation tieng . .
in the model to compute approximate variances with Iineapraph structure into account and reduce the complexityto be
Ing cubic in the “tree-width” of the graph. For square ladtic

complexity in the number of nodes. The method has a sepst o< the tree-width is equal to the width of the graph, so
ration length parameter trading off complexity versusreati the complexity reduces tO(N 3-2). Despite being a great
tion accuracy. For models with bounded correlation length plexity ) P 9ag

) . . improvement, this is still intractable for large modelsauidi-
we ef ciently compute provably accurate variance estireate .. . . . .
tion, the implementation of such algorithms is rather campl

Approximate methods such as belief propagation (BP) [2]
1. INTRODUCTION have linear complexity ifN per iteration, but they are not
guaranteed to converge, and convergence may be very slow
We address the problem of estimation in large-scale Gaussor large problems. Even in case of convergence, the BP vari-
Markov random eld (GMRF) models [1]. GMRFs are multi- ance estimates may be rather poor. For stationary models,
variate jointly Gaussian distributions de ned on graph&eT ef cient FIR approximations can be used for both means and
nodes of the graph denote random variables and the edgesriances, but for non-stationary problems such as intafpo
indicate statistical dependencies between variables. E8VIR tion from sparse noisy measurements, these approximations
can be viewed as generalizations of Markov chains to arbido not apply.
trary undirected graphs. The Markov property for general |n this paper we propose a rank-reduced method to com-
graphs (including chains) is that given its neighbors, amgen  pute approximate variances with linear complexity in thenau
is independent of the rest of the variables in the model. Btark per of nodes for large-scale sparse GMRFs. In addition to
vianity has a very transparent manifestation in GMRFs: théts simplicity and speed the method gives unbiased estanate
inverse covariancé = P ! is sparse according to the graph. and for models with bounded correlation length we prove that
An elementJ; is non-zero only if the edgéi;j g belongs  the variance estimates are very accurate. In Section 2 we dis
to the edge set of the graph. GMRFs arise in a wide varietguss estimation with GMRF models. We describe and ana-
of important practical applications from elds includingm-  |yze our rank-reduced method to compute variance estimates
puter vision, spatial statistics (e.g. geostatistics avehaog- in lattice models and arbitrary graphs in Section 3. We apply
raphy), and spline interpolation among others [1]. A proto-our method to sea surface height altimetry data in Section 4.
typical application is surface interpolation based on ao$et
sparse irregular noisy measurements [3]. 2. ESTIMATION IN GMRF MODELS
Estimating means and variances of hidden variables based
on observations in GMRFs can be done by matrix inversion® GMRF model is de ned by a grapt = (V;E) with ver-
However, for large-scale problems with millions of variekl  ticesV and edges % ' , i.e., some set of two-element
exact algorithms such as Gaussian elimination (V@i 3) subsets oV, and a collection of jointly Gaussian random

complexity in the number of variable$y) are intractable. Vvariablesx = (xi;i 2 V) with probability density given in
information form
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The matrixJ is called the information matrix, and it is sym-
metric positive de nite § A 0) and sparse so as to respect the
graphG: if fi;j g 62 BhenJ; = 0. We callh the potential
vector. These quantities are directly related to the usaal p
rameterization of Gaussian densities in terms of the rhean

Ef xg and the covariance matrix = Ef (x j )(xi *)%: 2

1=Jh and P=Jit (2)

Let A %2 V. De ne xa to be the vectofx;ji 2 A) corre-
sponding to the variables ifv. LetVnA denote the comple-
ment of A. We use a shorthandni , Vnfig. LetN (i) =
fjifi;j g 2 Egdenote theneighborsof i in the graph. Then Fig. 1. Local 2x2 regions for square lattice. Odd blocks are
the GMRF model satis es the Markov property: shaded, and even ones are transparent. Cdlés:; H g.

P(XijXv i) = POGijXn iy); 8 (3) 3. REDUCED-RANK VARIANCE CALCULATION

We add observationg of the hidden variables; , with Gaus-  For sparse graphs where the number of edges is far less than in
sianp(yijx;). Assumq?thayi is independent ok; and other the full graphjEj ¢ | Vj?, ef cient mean estimates to a given

yj forj 6 i:p(yjx) = ",y P(Yijxi). The posteriop(xjy) /  tolerance can be obtained by a sparse iterative solfer=
p(yjx)p(x) is a function ofx (y is observed and does not h. If the number of neighbors for every node is bounded by a
change) that has the same formpés). Introducing the ob- small constant (e.g4 for lattices), then methods wit®(N )
servations modi es the information parametérand the di- (whereN = jVj) complexity may be used for the means.

agonal of]. An estimate ok is speci ed by the marginals of Sparse iterative solvers can compute the variances as well:
p(xjy), the conditional means and variancexdfiveny. letes 2 RN be thei-th standard basis vector, then thth
column of P can be obtained a3P; = . This has to be

Example GMRF: thin plate model. Consider the thin plate doneN times, at each nodelP =[e;;::;;ey] = |, leading
model commgnly used for data interpolation: 1 to an intractable complexity dD(N2). Note, that in each

X 1 X vectorP; we are interested in theth element onlyP;; .
p(xjy) I exp@; ® (xii — xi)%i L (xi;yi)A The computation digdP) = diagd' 1) is costly. We

i2v Ni 2N (i) would like to design a low-rank matr&B %, withB 2 RN£M

(4) andM ¢ N,anduseitinstead of Letall rowsh of B have
The rstterm s the prior enforcing smoothness, kgshould  unit norm: P’y = 1. Consider the quantity digd' *(BB 9)
be close to the mean of its neighbdrs; ;j 2 N(i)g, with  which is tractable to compute. Then:

Ni = jN (i)j. The second term is the data tera(x;;y;) = X
oy (Xi i Yi)?, which makes the estimates consistent with Bi, D'BBY =P+ P b (5)
the observations. From this speci cation, the information 6

form parameterd andh are readily obtained

Given a model in information form, it is of interest to es- 10 forceP; to be accurate estimates of the variances we need
timate the (conditional) meansand the varianceB;; forall  Pi bPh to be nearly zero for all pairs of nodes. For a wide
xi . Using matrix inversion for this task is intractable fordar ~ class of models, correlatioR; decays with distance from
scale models. Approximate mean estimates can be ef cientl{e ] - We de ne the correlation lengttl as the distance after
obtained by a sparse linear system solver, sihde sparse. Which P decreases to a small fractbof P;i . For nodes
However, as we described in Section 1, no simple tractabl@hich are far away in the graph (further than the correla-
methods exist to compute the variances in general gfaphgion length),P; is negligible. For nodes which are nearby,
An estimate of the means is much less insightful when théhe termsh andly have to be (nearly) orthogonal. Thus
con dence in it (the variance) is unknown. Next we describewe are led to the problem of designing an overcomplete ba-

a family of rank-reduced methods to provide ef cient vari- Sisfli 2 RM g which is nearly orthogonal with respect to a
ance estimates in GMRFs. graphG. We describe such a construction for rectangular lat-

tices rst, and in Section 3.3 we extend it to arbitrary graph

1The thin plate model is Markov on a modi cation of the graph diag
the thin plate model: edges between nodes two steps awaydhbeeadded. . . . .

2A new method that has tractable computation of approximataness ~ CONstructing B in rectangular lattices. Consider a rectan-
is recursive cavity modeling (RCM) [3]. However, it employetimachinery — gularK £ L lattice (withN = KL total variables). Partition
of information geometry and is quite involved to implement. Inttast, the  the |attice into small blocks of siZef | in a checker-board
method of this paper is simple and also provides theoreticatagitees of
quality for the variance estimates. 3If d depends oi, then we take the maximum ovier




pattern, see Figure 1. We partition the nodes Mto= 212 sum of conditionally independent random variables eqials t
classes (we call them colors), with in even blocks and®  sum of the variances. The equation in the third line uses lin-
in odd blocks. The minimum distance (shortest path in thesarity of expectation, and théfh )2 = 1, 8j 2 C(i).

graph) between nodes of the same coloPlis We choose In a lattice model with our construction, the number of
the vectordy andly to be orthogonal if nodesandj have nodes of a given color which af@l)n steps away i€§n (all
different colors: for each clags2 f 1;::;M g we allocate a the distances between nodes of the same color are integer
1-dimensional subspace, e.g. sf&h, wheree; 2 RM (cth  multiples of2l). Using the exponential decay bound, for nodes
standard basis vectors fB* ). ThusP; Ky = 0 for nodes j with d(i;j ) =2nl, P; = A®?" . Hence,

of different color. We randomly assign directions alaago

each node in the clasfy = sje;, wheres; 2 fj 1;1g are X ) * 2 gl = ) R
independent. By making the separation lengttomparable o _Pij ' 8nA =8A (1 @)z @)
to the correlation length in the model, we satisfy the cdadit j2C(i)ni n=1

Pi P v40for nodes andj of the same color. _ Py -
We have used the following series: ,_, n " = 7.

Algorithm summary: Thus, Va(P;) - 8A2%. Since,j® < 1, we can
1) ConstrucB 2 RNEM choosd large enough such that the variance of the estimate is
2) Foreach coloc=1;:;;M: below any desired threshold. In practiteshould be chosen
i) Let bequal thec-th column ofB. SolveJr = b, to be comparable to the correlation length of the model.
ii) For each nodé with colorc, B = sr;. The above error bounds and the fact that our method is un-
biased make it especially attractive compared to a windgwin
3.1. Properties of the estimatd® method, where such guarantees are not available.

Next, we show that our reduced rank computation is tractable _ -
unbiased, and the error in the estimates can be driven to ze®e2. Ef cient preconditioners
by taking the separation length large enough. In terms ofco

putational complexity, the approximate solutiondi® = B mOur reduced-rank method estimates the variances by solving

. T ) M systems of linear equations, all sharing the same linear op-
has complexityO(MN ) using iterative solvers. The step of : . T -
plexityo( ) 9 P erator,J. It is thus bene cial to design a good preconditioner

L 0 ; o ) .
post-multiplication byB", i.e. Is." [RB T requiresMN for J to improve the convergence speed of the sparse itera-
operations (we only need the diagonal). Hence, for xed num-. . . ) . .

A . tive solvers such as Richardson iterations or conjugatgi-gra
ber of colorsM , the complexity is linear i . " . R

ents [4]. A preconditioner for a linear systelr = y is a ma-
, , , trix Q such that the syste®@Jx = Qy is easier to solve (the
. i il= Pi + ‘ ) " .

nbiased. The estimate®; are unbiasedE[P;] = P; matrix QJ is better conditioned thad). Ideally,Q = Ji %,

.6i Pi E[Pg]. But, E[lPy ] = O both for nodes of differ- ) ) C
jgi'l _
enit color (due to orthogonality), and for nodes of the sa emakmg the transformed linear system trivial. However, ap

; - e s . 1= plying Q in this case is as hard as solving the original prob-
colorc, sinceh = sie;, with independens;: E[s5] = 0. lem. The inverse of the diagonal or tridiagonal particére
examples of easily computable preconditioners.

Variance of the estimates.Suppose that the correlatioRg For the lattice GMRF model a very ef cient set of precon-

}‘alil é)ffpéx;.)o/r;ec@n(t;(%llgl Vv\cltt?] gh.e %SiaTC?_(A;iJS i)stzﬁjt\g?;r; 3\/?(;1 e ditioners based on embedded trees (ET) has been developed
y I 1) ’ . . . . .
class of models including Markov mogels on bipartite graphsIn [.4]' Thg idea is that for mpdels w!th_a tree—structureqogra
Now, Var(®; ) = E[(Bi i Pi)2]= E[( P; £ )2]. Let G, inversion of the information matriX is extremely ef cient

’ 1] - 1] n - i6i I . B . .
Q(i) be the set of nodes of the same IC§O||O|']. Fo2 C(i), it can be done i®©(N ) operations. Hence for general graphs

Ky = 0. Using iterated expectations, we have: G, [4] uses spanning treds ¥z Gwith Q = J{*. We use a
' varian® of ET in experiments in Section 4.

8 8p 1 99
2 2 2 =22
Var(Bi ) = E JE @ Py g A b s 3.3. Node class de nition for arbitrary graphs
é yzein 9, , We propose to extend our coloring construction from lastice
< X = to arbitrary graphs. For an arbitrary gra@hve would like to

© a
=E,. PP E (Fg)%jh (6)  divide the vertices intd1 disjoint subsets, such that any two

)‘( j2c(i)ni nodes belonging to the same subset are separated by dt least
© a
— 2 2 _ 2
- Pij E (hoq ) = Pij 4At each node an exact estimate over a small window is produgedi-i
j2C(i)ni j2C(i)ni ing the rest of the graph.

) ) ) ) 5We use alternating sets of narrow induced subgraphs. IreRisbn iter-
The equation in the second line holds because variance ofagions this guarantees convergence by equivalence withk iBauss-Seidel.
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steps. We approach this problem by approximate graph coli

ing in an augmented graph. For a desired minimum distan 100 200 300 400 500 600 700 800 900 1000
| we connect every pair of nodes that are withsteps away

by an edge. Assigninyl colors such that no neighbors in

the augmented graph share the same color would solve OFfg. 3. Uncertainty estimates of Paci ¢ ocean surface height

problem. This is a graph coloring problem, and it is knownbased on measurements along satellite trat%@1080grid.
to be hard. We settle for an approximate solution that allows

a few violations and uses more than the minimum required

number of colors. Fast techniques for approximate graph coin Figure 3. The regions over land are ignored (in black). The
oring include belief propagation (in max-product form)dan Vvariances are lowest near the measurements (along the)rack
eigen-decomposition-based methods [5]. After de ning theas expected.
node classes, variances can be estimated in the same way as

for lattices. The method is expected to be useful for graphs

which have the topology where for any given node only a feWye presented a scalable tractable approach to calculate ap-
nodes are "near”, and most nodes are “far”. proximate variances in large scale GMRF estimation prob-
4. RESULTS lems. We justi ed the approach both theoretically and with

experiments on satellite altimetry data. An important clire

We now apply the approximate variance calculation methodion for further work is to develop a multiscale version oéth

to the ocean surface height data collected along the trdcks approach to decrease the correlation length at the nest sca

Jason-1 satellife We compute the variance of the estimatesand make it viable for a wider class of models.

over the Paci ¢ ocean region. The data is sparse and highly

irregular. We use the thin-plate model for the data. First,

we select a moderate resolution for which exact estimation 0[1] H Rue and L. Held. Gaussian Markov Random Fields

variances usmg_the junction tree method is feasible, and co Theory and Applications<Chapman and Hall, CRC, 2005.
pare the approximate answers from our reduced-rank method

to the exact variances. The size of the mod&l88£ 432,  [2] J. KJohnson, D. M. Malioutov, and A. S. Willsky, “Walk-

with 0:325degree spacing in both latitude and longitude. The  sum interpretation and analysis of Gaussian belief propa-

plot of mean absolute error in variances versus the separa- gation,” inNIPS 2005.

tion lengthl appears in Figure 2. It can be seen that the er- . y .

rors rapidly decrease to zero, and for region sizes grdzaer t [3] J.K. thnson and A.S. W|II_sky, .A recursive mode!-

| = 12, very accurate variances are obtained. We note that reduction method for ?pprommate inference in Gaussian

Gaussian belief propagation diverged for this application I\_/Iarko_v random elds,” IEEE Trans. Imag. Pro¢.2005
Next we increase the resolution @129 degrees, result- (in review).

ing in a grid of size720£ 108Q Estimating the variance ina [4] E. Sudderth, M. J. Wainwright, and A. S. Willsky,
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