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Introduction

e New approach to learning graphical structure using convex
optimization rather than combinatorial approach.

e Maximize entropy subject to a set of relaxed marginal con-
straints, specified in terms of relative entropy on subsets of
node variables.

e When constraints are strictly satisfied, the relaxed distribu-
tion is “thinned”, it is Markov on some sub-graph of the con-
straint graph.

e We develop a primal-dual interior point method which is
tractable on thin graphs.

¢ To solve the complete problem (e.g., all pairwise constraints)
we use an optimistic procedure which incrementally adds
most-violated constraints until all constraints are satisfied.

Preliminaries

Graphical Models

A probability model p(z1,...,z,) is Markov on G, with vertices
V ={1,...,n}, if separators imply conditional independence:

G=(V,&)

p(za, vplrs) = p(ralrs)p(zp|rs).

Hammersley-Clifford Theorem Markov property is equivalent to
existence of factorization over cliques (complete sub-graphs):

p(x) < [ velze)
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where ¢c(zc) > 01is a function of variables in clique C.

Exponential Families

We consider parametric families of Markov models:

p(x;0) o exp {Z 9E¢E($E)} , op(ep) =[] =

Eeg vEE

Includes Boltzmann z € {0,1}" and Gaussian z € R" models.

The Gaussian model also includes quadratic statistics ¢, ,(z) = 2.

Moment parameters n = E{¢} play central role because exponen-
tial family models are maximum-entropy models subject to linear
moment constraints. The map A : § — 7 is invertible on the set of
realizable moments M (using a minimal set of features).

Information Theory

Entropy is a measure of uncertainty or randomness in a probability
distribution, and is a concave function of 7.

h(n) £ —E,{logp(x;n)}

Gradient Vh(n) = —A~1(5) = —, maps n to equivalent 6.

Relative Entropy is a non-negative measure of divergence be-
tween probability distributions relative to the curvature of the en-
tropy function (it is the Bregmann distance induced by entropy).

() 2 B, {tow 2} — (h(w) + 9H)T 00} = 1) 2 0

Gradient V,,d(u, v) = A= (u) — A=Y (v), difference in 6-coordinates.

Fisher Information Matrix with respect to 7 is defined:

G(n) £ By {(Vylogp(x;n)(Vylog p(x;n))" } = =V2h(n) = 0

Measures curvature of entropy and relative entropy.

Thin Chordal Graphs

A graph is chordal if every cycle of four or more nodes is cut by
a chord. This holds if and only if there exists a junction tree—a
tree spanning the maximal cliques of the graph in which the
intersection of any two cliques is contained by every clique along
the path between them.

In chordal graphs, global entropy calculations reduce to local com-
putations over the cliques and separators (intersections of adjacent
cliques) of a junction tree:

h(n) = Y he(ne) =D hs(ns) €))
c 5
AN ) = D OAG e) =D A (s) 2
c 5
G(n) = > Gelne) =Y Gsns). ®)
c 5

These computations are tractable on thin graphs, where the cliques
don’t get too large. Also, G is a sparse, thin matrix.

Chordal Embedding and Interior Point Method

e Chordal Embedding To solve MER on (non-chordal) G, we
embed the problem in a chordal graph G, D G and solve
MER in the Markov model on G, parameterized by () geg, -

e We use the primal-dual interior point method, the state-of-
the-art for convex optimization with inequality constraints.

o It applies Newton’s method to solve a sequence of modified
Karush-Kuhn-Tucker conditions.

o Computing Newton’s step reduces to solution of a sparse,
linear system based on the sparse, global Fisher information
matrix, plus local terms that preserve sparsity.

o Using (1-3) and sparse Cholesky factorization, each step is a
tractable O(n) calculation in bounded tree-width graphs.

e Finally, we recover g, = A’l(ngk) using (2), which is also
sparse (Markov) with respect to Gj.

Incremental Method for Gaussian Lattice Model

dim(G) = 150, dim(G,) = 160 dim(G) = 200, dim(G,) = 291

"

dim(G) = 250, dim(G ) = 536

dim(G) = 287, dim(G) = 822
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Maximum Entropy Relaxation (MER)

Given moments 7*, we maximize entropy subject to constraints
that marginal distributions of small subsets of nodes are close to
the marginals of n* in relative entropy.

max  h(n)
s.t. dE(n,n*) < 5E7 VE €§G

G may be a full graph, comprised of all nodes and pairs of nodes;
or a hypergraph including all subsets of k or fewer nodes.

Model Thinning The relaxed model is Markov on the sub-graph
defined by the active constraints.

Incrementally Add Most-Violated Constraints

We obtain the MER solution by solving a sequence of sub-problems
on sub-graphs G, C G, beginning with the disconnected graph G:

1. Solve MER on G, parameterized by (ng)geg, and ignoring
constraints not contained in G, yielding the relaxation 7jz.

2. Check if dp (i, n*) < 0p forall E € G\ Gy. If so then STOP,
7, is the MER solution.

3. Otherwise, add the most violated constraints to Gy to obtain
Gr+1,set k «— k + 1 and go back to Step 1.

Simulations

We recover the Markov structure of some simple test models by
solving MER given the empirical moments n* from sample data.
Each 0g is proportional to the number of features defined in E,
scaled by 7, which controls the level of relaxation.

Boltzmann Example

Test Model y=0.03125

Gaussian Example

y=05 y=0.25

y=0.0625 y=0.0039062

Conclusion

e Convex (non-combinatorial), information-theoretic ap-
proach to learning graphical structure in Markov models.

o Tolerance specifications allow trade-off between data-fidelity
and sparsity.

e Tractable for learning thin graphs.

e Future work: approximate entropy for learning non-thin
graphs; hidden variables, inconsistent/incomplete sample
data; method for choosing/adapting tolerances; analysis of
generalization error and asymptotic performance.
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