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Abstract

In many applications of graphical modelsarising in
computervision, the hiddenvariablesof interestare most
naturally speci ed by continuous,non-Gaussiardistribu-
tions. Thee existinferencealgorithmsfor discreteapprox-
imationsto thesecontinuoudistributions,but for the high-
dimensionalvariablestypically of interest, discrete infer-
encebecomesdnfeasible Stohasticmethodsud as parti-
cle lter s providean appealingalternative However, exist-
ing techniquedail to exploit therich structuse of thegraph-
ical modelsdescribingmanyvisionproblems.

Drawing on ideasfrom regularized particle Iter s and
belief propagation (BP), this paper developsa nonpaa-
metric belief propagation (NBP) algorithm applicableto
geneanl graphs. Each NBP iteration usesan efcient sam-
pling procedue to updatekernel-basedapproximationsto
the true, continuoudikelihoods. The algorithm can acco-
modatean extremelybroad classof potentialfunctions,in-
cludingnonpaametricrepresentationsThus,NBP extends
particle Itering methodgo the more geneal vision prob-
lemsthatgraphicalmodelscandescribe We applythe NBP
algorithmto infer componentinterrelationshipsn a parts-
basedface model,allowing location and reconstructiorof
occludedfeatures.

1. Intr oduction

Graphicalmodels provide a powerful, generalframe-
work for developing statistical models of computer vi-
sion problems|[7,8,10]. However, graphical formula-
tions are only usefulwhen combinedwith efcient algo-
rithms for inferenceand learning. Computervision prob-
lemsareparticularlychallengingoecausehey ofteninvolve
high—dimensionalcontinuousvariablesandcomples, mul-
timodal distributions. For example,the articulatedmodels
usedin mary trackingapplicationshave dozensof degrees
of freedomto be estimatedat eachtime step[17]. Realis-
tic graphicalmodelsfor theseproblemsmustrepresenbut-
liers, bimodalities,and other non—Gaussiastatisticalfea-
tures. The correspondingptimal inferenceproceduregor
thesemodelstypically involve integral equationgor which
no closedform solutionexists. Thus,it is necessaryo de-
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Figure 1. Particle Ilter s assume variables are related by a
Markov chain. The NBP algorithm extends particle lter -
ing techniques to arbitraril y structured graphical models.

velop families of approximaterepresentationsand corre-
spondingmethodgor updatingthoseapproximations.
The simplest method for approximating intractable
continuous—aluedgraphicalmodelsis discretization. Al-
though exact inferencein generaldiscretegraphsis NP
hard,approximatenferencealgorithmssuchasloopy belief
propagtion (BP) [16,21,23,24] produceexcellentempiri-
cal resultsin mary cases.Certainvision problems,nclud-
ing stereovision [20], arewell suitedto discreteformula-
tions. For problemsinvolving high—dimensionaVariables,
however, exhaustve discretizationof the statespaceis in-
tractable. In somecases,domain—speci cheuristicsmay
be usedto dynamicallyexcludethosecon gurationswhich
appearunlikely basedupon the local evidence[2,7]. In
morechallengingapplicationshowever, thelocal evidence
at somenodesmay be inaccurateor misleading,andthese
approximationsvill heavily distorttheresultingestimates.
For temporalinferenceproblems particle Iters [5,10]
have provento beaneffective,andin uential, alternatve to
discretizationThey provide thebasigfor severalof themost
effective visual tracking algorithms[15,17]. Particle |-
tersapproximateconditionaldensitiemonparametricallas
acollectionof representagie elementsAlthoughit is possi-
ble to updatetheseapproximationgleterministicallyusing
local linearizations[1], mostimplementationaise Monte
Carlo methodsto stochasticallyupdatea set of weighted
point samples.The stability and robustnessof particle I-
ters can often be improved by regularizationmethods[5,
Chapterl2] in which smoothingkernelg18] explicitly rep-
resenthe uncertaintyassociatedvith eachpointsample.



Although patrticle Iters are often very effective, they
arespecializedo temporalproblemswhosecorresponding
graphsaresimpleMarkov chains(seeFigurel). Mary vi-
sion problems,however, are characterizedy non—causal
(e.g., spatial or model-induced)tructurewhich is better
representetly amorecomple graph.Becauseparticle |-
ters cannotbe appliedto arbitrary graphs,graphicalmod-
elscontaininghigh—dimensionavariablesmay posesevere
problemsfor existing inferencealgorithms.Evenfor track-
ing problems thereis often structurewithin eachtime in-
stant(for example, associatedvith an articulatedmodel)
whichis ignoredby standarcparticle lters.

Some authors have used junction tree representa-
tions[12] to developstructurecapproximatenferenceech-
niques for generalgraphs. Thesealgorithms begin by
clusteringnodesinto cliqueschosento breakthe original
graphs cycles. A wide variety of algorithmscanthenbe
speci ed by combininganapproximatecliquevariablerep-
resentatiorwith local methodsfor updatingtheseapprox-
imations[3,11]. For example,Koller et al. [11] propose
a framework in which the currentclique potentialestimate
is usedto guide messageomputationsallowing approxi-
mationsto be graduallyre ned over successie iterations.
However, the samplealgorithmthey provide is limited to
networkscontainingmixturesof discreteandGaussiawari-
ables.In addition,for mary graphs(e.g. nearest—neighbor
grids) the size of the junction tree's largestcliguesgrows
exponentiallywith problemsize, requiring the estimation
of extremelyhigh—dimensionatlistributions.

The nonpamametricbelief propagation (NBP) algorithm
we developin this paperdiffersfrom previousnonparamet-
ric approache@ two key ways. First, for graphswith cy-
cleswe do not form a junctiontree,but insteaditerateour
local messagaupdatesuntil corvergenceasin loopy BP.
This hasthe advantageof greatlyreducingthe dimension-
ality of the spacesver which we mustinfer distributions.
Secondye provide amessagepdatealgorithmspeci cally
adaptedo graphscontainingcontinuouspon—Gaussiapo-
tentials. The primary dif culty in extending particle I-
tersto generalgraphsis in determiningef cient methods
for combiningthe information provided by several neigh-
boring nodes.Representationallyve addresghis problem
by associatinga regularizing kernel with eachparticle, a
stepwhichis necessaryo make messag@roductswell de-

ned. Computationally we shov that messageroducts
may be computedusing an ef cient local Gibbssampling
procedure.The NBP algorithmmay be appliedto arbitrar

ily structuredgraphscontaininga broadrangeof potential
functionseffectively extendingparticle Itering methodgo

amuchbroaderrangeof vision problems For arelatedgen-
eralizationof particle Iters to graphicalmodels se€g[9].

Following our presentatiorof the NBP algorithm, we
validateits performanceon a small Gaussiametwork. We

then shav how NBP may be combinedwith parts—based
local appearancenodels[4, 6,14,22] to locateandrecon-
structoccludedfacialfeatures.

2. UndirectedGraphical Models

An undirectedgraphG is de ned by a setof nodesV,
anda correspondingetof edgesE. Theneighborhoof a
nodes 2 Visde nedas ( s), ftj(s;t) 2 Eg. Graphical
modelsassociateachnodes 2 V with anunobsered, or
hidden,randomvariablexs, aswell asa noisylocal obser
vationys. Letx = fxsjs2 Vgandy = fys js2 Vg
denotethesetsof all hiddenandobsenedvariablesyespec-
tively. For simplicity, we considermodelswith pairwise
potentialfunctionsﬂf(or whichp(x;y) Jactorizeas

sit (Xs; Xt) s (Xs;Ys) 1)
(s;t)2E s2Vv
However, the nonparametritcpdatesve presentmaybedi-
rectly extendedto modelswith higherorderpotentials.
In this paper we focuson the calculationof the condi-
tional maginal distributionsp (Xs j y) for all nodess 2 V.
Thesedensitiesprovide not only estimatesf xs, but also

correspondingneasuresf uncertainty

p(x;y) = %

2.1.Belief Propagation

For graphswhich areacyclic or tree—structuredhe de-
siredconditionaldistributionsp (xs j y) canbedirectly cal-
culatedby alocal message—passimdgorithmknown asbe-
lief propagation (BP) [16,24]. At iterationn of the BP al-
gorithm,eachnodet 2 V calculatesa messagenf, (xs) to
besentto eachngighboringlodes 2 (t):

Mg (Xs) = st (Xs3Xt) ¢ (Xt;¥t)
Xt
Y n 1
my ~ (X)) dxe (2)
u2 (t)ns
Here, denotesan arbitrary proportionalityconstant. At

ary iteration, each node can producean approximation
p" (Xs j y) to the mamginal distribution p(Xs j y) by com-
bining theincomingmessagewith th;local obsenation:
P'(Xsiy) =  s(XsiYs) Mg (Xs) 3
t2 (s)
For tree—structuredraphs,the approximatemaiginals, or
beliefs, p"(xs jy) will corvemge to the true maminals
p(Xs j y) oncethe messagefrom eachnodehave propa-
gatedto every othernodein thegraph.
Becauseachiterationof the BP algorithminvolvesonly
localmessagepdatesit canbeappliedevento graphswith
cycles. For suchgraphs,the statisticaldependenciebe-
tweenBP messagearenotaccountedor, andthesequence
of beliefsp” (xs j y) will notcorvergeto thetruemaiginals.
In mary applicationshowever, theresultingloopy BP algo-
rithm exhibits excellentempiricalperformancg?, 20]. Re-
cently, severaltheoreticaktudieshave providedinsightinto



the approximationsnadeby loopy BP, partially justifying
its applicationto graphswith cycles[21,23,24].

2.2.Nonparametric Representations

For graphicalmodelswith continuoushiddenvariables,
analytic evaluation of the BP updateintegral (2) is of-
ten intractable. Instead,we representhe resulting mes-
sagenonparametricallyas a kernel density estimate[18].
LetN (x; ; ) denoteanormalizedGaussiardensitywith
mean andcovariance , evaluatedatx. An M component
mixtureapproximatiorof m (Xs) takestheform

mg (xs) = WON xg; {05 s 4)
i=1
wherew!" is theweightassociateavith thei™ kernelmean
() and s IS abandwidthorﬁmoothingparameter The
weightsarenormalizedsothat i'\il w) = 1. Otherker
nel functionsmay be used[18], but in this paperwe con-
sideronly mixturesof diagonal—cwarianceGaussians.

In the following section,we describestochasticmeth-
odsfor determiningthe kernel centers (Si) andassociated
weightswg). The resultingnonparametrigepresentation
is only meaningfulwhenthe messagen,s (Xs) is nitely
integzable.l To guaranteehis, we assumehat

st Xs;Xp = X)dxs < 1 8(s;t)2 E
z 5)
s(Xs;¥s = y)dxs< 1 8s2V

Xs
A simpleinductionagumentthenshaws thatall messages
arenormalizable.Heuristically equation(5) requireseach
potentialto be“informative;” sothatobservingonevariable
constrainghelik ely locationsof theother In mostapplica-
tions, this assumptiornis easilysatis ed by constrainingall
variablesto a (possiblylarge) boundedange.

3. Nonparametric MessageJpdates

Conceptuallythe BP updateequation(2) naturally de-
composesintoQtwo stages. First, the messageprod-
uct ¢ (Xe;e) My 1(x{) combinesnformationfrom
neighboringnodeswith the local evidencey;, producing
a function summarizingall available knowledgeaboutthe
hidden variable x;. We will refer to this summaryas
a likelihood function, even though this interpretationis
only strictly correctfor an appropriatelyfactorizedtree—
structuredgraph. Secondthis likelihoodfunctionis com-
bined with the compatibility potential < (Xs;X¢), and
then integratedto producelikelihoodsfor xs. The non-
parametricbelief propagtion (NBP) algorithm stochasti-
cally approximateghesetwo stagesproducingconsistent
nonparametriacepresentationef the messagesn,, (Xs).

IProbabilistically on tree—structuredjraphsBP messagesre lik eli-
hoodfunctionsm (xs) _ p(y = Y j Xs), notconditionaldensitiesand
arenot necessarilyntegrable(e.g.,whenxs andy areindependent).

Approximatemarginalsp(Xs j y) maythenbe determined
from thesemessagedy applying the following sections
stochastigroductalgorithmto equation(3).

3.1.MessageProducts

For now, assumethat the potential functions of equa-
tion (1) are weighted Gaussiammixtures (such potentials
arise naturally from learning—basedpproacheso model
identi cation [7]). The productof d Gaussiardensitiesis
itself Gaussianwith meanandcovariancegivenby

%
N(X; 5 j)_ N x;;
j=1

xd xd

1_ 1 1 _ 1

- j - i
j=1 j=1
Thus, a BP updateoperationwhich multiplies d Gaussian
mixtures,eachcontainingM componentswill producea

Gaussiammixturewith M ¢ componentsThe weightw as-

(6)

sociatedwith productmixturecomponeniN x; ; is
d
2 WiN(XG s
W j=1 Wi ( i J) @
- N X;;

wheref w; gjd:l are the weightsassociatedvith the input
GaussiansNotethatequation(7) produceghe samevalue
for any choiceof x. Also, in variousspecialcasessuchas
whenall input Gaussiandave the samevariance ;| =
computationallycorvenientsimpli cations arepossible.

Integration of Gaussiammixturesis straightforvard, so
in principle eachBP messagaipdatecould be performed
exactly usingequationg6,7). In practice however, approx-
imationsarerequiredto avoid exponentiallylarge numbers
of mixturecomponentsGivend inputmixturesof M Gaus-
sians,the NBP algorithm approximategheir M ¢ compo-
nentproductby draving M independensamples.

Direct samplingfrom this product,achieved by explic-
itly calculatingeachof the productcomponentveights(7),
requiresO(M 9) operations. The compleity of this sam-
pling is combinatorial: eachproductcomponenis associ-
atedwith d labelsfl;g’_, , wherel; identi es a kernelin
thej™ input mixture. Although the joint distribution of
the d labelsis comple, the conditionaldistribution of ary
individual labell; is simple. In particular assumingx ed
valuesfor f |, gke j , €quation(7) canbeusedto samplefrom
the conditionaldistribution of I; in O(M ) operations.

Sincethe conditionaldistribution of eachmixture label
is tractablewe mayusea Gibbssample(8] to drav asymp-
totically unbiasedamplegrom theproductdensity Details
areprovidedin Algorithm 1, andillustratedin Figure2. At
eachiteration,thelabelsf I, gke; ford 1 of theinputmix-
turesare x ed,andthej ™ labelis sampledrom the corre-
spondingconditionaldensity The newly choserl; is then
x ed,andanotherabelis updated.This procedurecontin-
uesfor a x ednumberof iterations ; moreiterationslead
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Figure 2. TOp row: Gibbs sampler for a product of 3 Gaussian mixtures, with 4 kernels each. New indices are sampled

according to weights (arrows) determined by the two x ed components (solid).

The Gibbs sampler cycles through the

diff erent messages, drawing a new mixture label for one message conditioned on the currentl y labeled Gaussians in the other

messages. Bottomrow: After

iterations through all the messages, the nal labeled Gaussians for each message (right,

solid) are multiplied together to identify one (left, solid) of the 43 components (left, thin) of the product density (left, dashed).

to moreaccuratesamplesbut requiregreatercomputational
cost. Following the nal iteration,a singlesampleis dravn
from the productmixture componentdenti ed by the nal
labels.Todrav M (approximatesamplesrom the product
density the GibbssamplerequiresO(d M 2) operations.

Althoughformalveri cation of theGibbssamplers con-
vergenceis dif cult, our empiricalresultsindicatethatac-
curateGibbssamplingtypically requiresfar fewer compu-
tationsthandirectsampling.Note thatNBP usesthe Gibbs
samplingmethoddifferentlyfrom classicsimulatedanneal-
ing algorithms[8]. In simulatedannealingthe Gibbssam-
pler updatesa single Markov chainwhosestatedimension
is proportionalto the graphdimension. In contrast,NBP
usesmary local Gibbssamplersgachinvolving only a few
nodes. Thus, althoughNBP must run more independent
Gibbssamplersfor large graphsthe dimensionalityof the
correspondindvarkov chainsis dramaticallysmaller

In some applications, the obseration potentials
t (X¢;yt) arespeci ed by analyticfunctions. The Gibbs
samplemaybeadaptedo this caseusingimportancesam-
pling [5], asshavn in Algorithm 2. At eachiteration, the
weight of the i!" kernellabelis rescalecby  );y, ,
theobserationlikelihoodatthatkernels center Then,the
nal sampleis assignedan importanceweight to account
for variations of the analytic potential over the kernel's
support. This procedures mosteffective when  (X¢; V)
variesslowly relative to thetypical kernelbandwidth.

3.2.MessagePropagation

TheNBP algorithm's secondstagepropagteseachsam-
ple from the messageroductby approximatingthe belief
updateintegral (2). This stochastidntegration requiresa
decompositiorof the pairwisepotential s (Xs; Xt) which
separatets mamginal in uence on x; from the conditional
relationshipt de nesbetweerxs andx;.

The maiginal in uence function (x:) is determinecby
therelative Weightassignedo all x5 valuesfor eachx;:

(x¢) = st (Xs;Xt) dXs (8

TheNBP algorithmaccountdor this maiginal in uence by
incorporating (X;) into the Gibbssampler If <. (Xs;X¢t)
is a Gaussianmixture, (X;) is easily calculated. Al-
ternately importancesampling may be used, assuming
(x¢) can be evaluated(or approximated)pointwise. In
the commoncasewhere pairwise potentialsdependonly
on the differencebetweentheir aguments( s (X;Xx) =
st (X X)), (X¢) isconstanndcanbeneglected.
(i)

To completethe stochastidntegration,eachsamplex;
from the messag@roductis propagtedto the neighboring
nodeby samplingx’ & (xs;x"), whereequation(5)
ensureghat o (Xs; xﬁ')) is normalizable.Finally, having
producedasetof independensamplegrom theoutputmes-
sagem,, (Xs), NBP selectsa kernelbandwidthto complete
the nonparametricddensityestimate. Thereare mary ways
to make this choice;theresultsin this paperusethe compu-
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Given d mixturesof M Gaussianswheref j(i); P

denotethe parametersf thej ™ mixture:
1. Foreachj 2 [1: d], chooseastartinglabell; 2 [1: M] by
samplingp(l; = i) _ wj“).
2. Foreachj 2 [1:d],
@) galculatethemean andvariance of theproduct
kej N X (k'”; (k'“ usingequation(6).

(b) Foreachi 2 [1: M], calculatehemean () andvari-

ance ) of N (x; ) N x; j(i); j(i) . Using
ary convenientx, computetheweight
.M .
Wi o Nee )
] N x; () (0
(c) Sampleanew labell; accordingop(l; = i) _ w(.
3. Repeastep2 for iterations.

4. Sompute the mean and variance  of the product
N x; 7 ) pravasamplee N x; ;

Algorithm 1. Gibbs sampler for the product of several
Gaussian mixtures.

Giveninput messagem; (Xt) = f fft); fft);wﬁit)gi“"zl for each
u 2 (t)ns, construcanoutputmessagens (xs) asfollows:
1. Determinethemaginalin uence (X:) usingequation(8):
(@) If st (Xs;Xt) is a Gaussianmixture, (x;) is the
mamginal over X .

(b) For analytic st (Xs;Xt), determine (x;) by sym-
bolic or numericintegration.

2. Drav M indepe@denSamples‘ kﬁi)g!\il from the product

(Xt) t (Xt;¥1) —, My (X¢) using the Gibbs samplerof
Algorithms1-2.

3. Foreachfkﬁi)gi“":l ,sampld%(si) st (Xs; Xt = Rﬁi)):

@ If st (Xs;Xt)is aGaussiam‘lixtu_re,Réi) is sampled

from the conditionalof xs given!".

(b) For analytic s (Xs;Xt), importancesampling or
MCMC methodsamaybe usedasappropriate.

4. Construcim (xs) = f & O wdgM, -
(a) Set t(s') = 2 and wfsi) equalto the importance
weights(if ary) generatedh step3.

(b) Choosef fs”g{"'zl using ary appropriatekernel size
selectiormethod(see[18]).

Givend mixturesof M Gaussiansindananalyticfunctionf (x),
follow Algorithm 1 with thefollowing modi cations:

2. After part(b), rescaleeachcomputedwveightby the analytic
valueatthekernelcenter:w £ ( (yw)

5. Assignimportanceweightw = f ()=f( ) to the sampled
particleX.

Algorithm 2. Gibbs sampler for the product of several
Gaussian mixtures with an analytic function.

tationallyef cient “rule of thumb”heuristic[18].

The NBP messageaipdateprocedureis summarizedn
Algorithm 3. Notethatpartsof this algorithmmay be sim-
plied in certainspecialcases.For example,lsard[9] has
proposedhrelatedgeneralizatiorof particle Iters in which
the samplingand bandwidthselectionof steps3-4 arere-
placedby a deterministickernel placement. When each
pairwisepotentialcontainsonly a few kernels,this modi -
cationis anexcellentwayto reducebiasesnherentin kernel
densityestimategseeSection4). However, for graphical
modelswith multimodal potentialscontaininglarge num-
bersof kernels(asin Section5), amoresophisticategrop-
agationstep(like thatprovidedby NBP) is necessary

4. GaussianGraphical Models

Gaussiamgraphicalmodelsprovide one of the few con-
tinuous distributions for which the BP algorithm may be
implementedexactly [23]. For this reasonGaussianmod-

Algorithm 3. NBP update of the nonparametric message
M, (Xs) sent from node t to node S as in equation (2).

els may be usedto testthe accurag of the nonparametric
approximationsnadeby NBP. Notethatwe cannothopefor
NBP to outperformalgorithms(like GaussiarBP) designed
to take advantageof the linear structureunderlying Gaus-
sianproblems.Instead,our goalis to verify NBP's perfor
mancen a situationwhereexactcomparisonsirepossible.

We examine NBP's performanceon a5 5 nearest—
neighborgrid (asin Figure 1) with randomlychosennho-
mogeneougpotentials. However, qualitatvely similar re-
sults have also beenobsered on tree—structuredyraphs.
To form the testmodel, we drew samplesrom the single
correlatedGaussiarde ning eachof the graphs pairwise
potentials,and then formed a nonparametridensity esti-
matebasedon thesesamples Althoughthe NBP algorithm
could have directly usedthe original correlatedpotentials,
sample—basethodelsare a closermatchfor the informa-
tion availablein mary vision applicationgseeSection5).

For eachnodes 2 V, GaussianBP cornvergesto a
steady-statestimateof themaiginal mean ¢ andvariance

2 afteraboutl5iterations.To evaluateNBP, we performed

15iterationsof the NBP messageipdatesusingseveral dif-
ferentparticlesetsizesM 2 [10;400] We thenfoundthe
maginal mean”s andvariance®? estimatesmplied by the
nal NBP density estimates. For eachtestedparticle set
size,the NBP comparisorwasrepeated 00times.
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Figure 3. NBP performance on a5 5 grid with Gaus-
sian potentials. Plots show the mean (solid) and stan-
dard deviation (dashed) of the normaliz ed error mea-
sures of equation (9), for diff erent particle set sizes M .

Usingthedatafrom eachNBP trial, we computedheer
ror in themeanandvarianceestimatesnpormalizedsoeach
nodebehaedlike aunit—\arianceGaussigln:

N N 2
- —— (9)

- S S
° s s 2 2

Figure3 shawvs the meanandvarianceof theseerror statis-
tics, acrossall nodesand trials, for different particle set
sizesM . The NBP algorithm always provides unbiased
meanestimateshut overly largevariancesThisbias,which
decreaseasmoreparticlesareused,is dueto the smooth-
ing inherentin kernel-basedensityestimatesAs expected
for samplegiravn from Gaussiamistributions,thestandard
deviation of botherrormeasuregallsasM 12,

5. Component-Based~aceModels

Like particle lters, theNBP algorithmhasawide range
of potentialcomputervision applications.Previously, NBP
wasusedto estimatedensestereodepthmaps[19]. In this
sectionwe useNBPto infer relationshipbetweerPCA co-
efcients in a component—basetiodel of the humanface.
The proposedmodel extendsthe approachesf [6,14,22]
to estimatenotonly thelocation,but alsothe appearancef
occludedparts. Parts—basetbcal appearancenodelsshare
mary featureswith the articulatedmodelsoften usedfor
visual tracking. However, they lack the implementational
overheadassociatedvith modernpersontrackers[17], for
whichwe think NBP would alsobewell suited.

5.1.Model Construction

In this section,we usetraining datato constructa non-
parametricgraphicalprior for the locationandappearance
of ve different facial features(seeFigure 5). A 10 di-
mensionalinear basisfor eachfeatures appearances de-
terminedvia principalcomponenta&nalysis(PCA) [14], as
describedelown. The hiddenvariableat eachof the graph-
ical models ve nodesis thende ned to be a 12 dimen-
sional(10 PCA coefcients plusposition)representatioof
the correspondindeature. We assumehat the faces ori-
entationandscaleareknown, althoughthe modelcouldbe
easilyextendedo estimateotheralignmentparameterf4].

Figure 4. Two of the 94 training subjects from the AR face
database . Each was photographed in these four poses.

(a) (b) (©)
Figure 5. PCA-based facial component model. (a) Masks
for each of the ve features. Note that the two mouth
masks overlap. (b) Mean features. (c) Graphical prior re-
lating each component' s position and PCA coef cients.

Our appearancenodelis basedon trainingimagesfrom
the AR facedatabas§l3]. For eachof 94 people we chose
four poseshaving arangeof expressiongandlighting con-
ditions(seeFigure4). Five manuallyselectedeaturepoints
(eyes,noseandmouthcornersyereusedto align eachim-
ageand position the featuremasksshavn in Figure 5(a).
We thenfound a 10 dimensionalPCA basisfor eachfea-
ture[14], producingthe meanfeaturesof Figure5(b).

Using the PCA representationf eachtraining subject,
we determineda kernel-baseaonparametridensityesti-
mateof thejoint probability of thosepairsof facialfeatures
which are adjacentin the graphof Figure 5(c). Figure 6
shavs several maginalizations of these20 dimensional
densitiesgachrelatinga pair of PCA coefcients (e.g.,the

rst noseandsecondeft mouthcoefcients). Clearly, sim-
ple Gaussiamapproximationsvould obscuremost of this
dataset’s structure. Finally, we approximatethe true pair
wisepotentialgelatingneighboring? CA coefcients by the
correspondingcerneldensityestimate$7]. Differencede-
tweenfeaturepositionsaremodeledby a Gaussiardensity
with meanandvarianceestimatedrom thetrainingset.

5.2.Estimation of OccludedFeatures

In this sectionwe applythegraphicaimodelof Figure5
to the simultaneougocationandreconstructiorof partially
occludedfaces.Givenaninputimage,we rst identify the
region mostlikely to containa faceusinga standardeigen-
facedetector{14] trainedon partialfaceimages.This step
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Figure 6. Empirical joint densities of four diff erent pairs
of PCA coef cients. Each plot shows the corresponding

marginal distrib utions along the bottom and right edges.
Note the multimodal, non-Gaussian relationships.

helpsto preventspuriousdetectionof backgroundietail by
the individual components. For eachnode, we scanthis
region with the featuremask, producingthe bestPCA re-
constructiony of eachpixel window y. The obsenation
potentialis createdoy de ning a Gaussiammixture compo-
nent,with meany andweightexp jj y ¥jj?=2 2 , for
eachy. To allow for outliersdueto occlusionthe obsenra-
tion potentialis augmentedy a zeromean,high—ariance
Gaussiamweightedto represen0% of thetotal likelihood.

We testedthe NBP algorithmon imagesof individuals
notfoundin thetrainingset. Eachmessag&vasrepresented
byM = 100particlesandtheGibbssampletuused = 100
iterations.Total computatiortime for eachimagewasafew
minutesonaPentiumd workstation.Dueto thehighdimen-
sionality of thevariablesin this model,andthe presencef
the occlusionprocessdiscretizationis intractable. There-
fore, we insteadcompareNBP's estimatesto the closed
form solutionobtainedby tting a singleGaussiaro each
of thenonparametriprior andobsenation potentials.

Figure7 shavsinferenceresultsfor two imagesof aman
concealinchis mouth. In oneimageheis smiling, while in
theotherheis not. Usingtherelationshipsetweereye and
mouth shapelearnedfrom the training set, NBP correctly
infers the concealednouth’s expression. In contrast,the
Gaussiarapproximatiordistortsthe relationshipshowvn in
Figure 6, and producesesultswhich areindistinguishable
from the meanmouth shape. Note that theseresultswere
obtainedin an unsupervisedashion,without any manual
labelingof thetrainingimageexpressions.

Figure 8 shows inferenceresultsfor two imagesof a
womanconcealingoneeye. In oneimage,sheis seerunder
normalillumination, while in the secondsheis illuminated

from theleft by abrightlight. In bothcasesthestructureof
theconcealedye mirrorsthevisible eye. In addition,NBP
correctlymodi es the illumination of the occludedeye to
matchtheintensityof thecorrespondingnouthcorner This
exampleshavs NBP's ability to integrateinformationfrom
multiple nodes producingglobally consistenestimates.

6. Discussion

We have developed a nonparametricsampling—based
variant of the belief propagtion algorithm for graphical
modelswith continuous,non—Gaussiamandomvariables.
Our parts—basethcialmodelingresultsdemonstrat&BP's
ability to infer sophisticatedrelationshipsfrom training
data,andsuggesthatit may prove usefulin morecomple
visualtrackingproblems.We hopethatNBP will allow the
successesf particle lters to be translatedto mary new
computervision applications.
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